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Chern—Simons theory on spherical Seifert manifolds, topological 
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Abstract 

We consider the Gopakumar-Ooguri-Vafa correspondence, relating U(A) Chern-Simons theory 
at large N to topological strings, in the context of spherical Seifert 3-manifolds. These are quotients 
s'" = r\S^ of the three-sphere by the free action of a finite isometry group. Guided by string theory 
dualities, we propose a large N dual description in terms of both A- and B-twisted topological 
strings on (in general non-toric) local Calabi-Yau threefolds. The target space of the B-model 
theory is obtained from the spectral curve of Toda-type integrable systems constructed on the 
double Bruhat cells of the simply-laced group identified by the ADE label of T. Its mirror A- 
model theory is realized as the local Gromov-Witten theory of suitable ALE fibrations on P', 
generalizing the results known for lens spaces. We propose an explicit construction of the family of 
target manifolds relevant for the correspondence, which we verify through a large N analysis of the 
matrix model that expresses the contribution of the trivial flat connection to the Chern-Simons 
partition function. Mathematically, our results put forward an identification between the 1/N 
expansion of the sIat+i LMO invariant of S'" and a suitably restricted Gromov-Witten/Donaldson- 
Thomas partition function on the A-model dual Calabi-Yau. This 1/N expansion, as well as that 
of suitable generating series of perturbative quantum invariants of fiber knots in S'", is computed 
by the Eynard-Orantin topological recursion. 


1 Introduction 

In a series of celebrated works [GV99, OVOO], Gopakumar, Ooguri and Vafa (GOV) proposed 
the existence of a duality between U(A) Chern-Simons theory at level k on S^ [Wit89] and the 
topological A-model on the resolved conifold Y = Tot[0(—1) © 0(—l) —)• P']. From a physical 
perspective, this identification provides a concrete instance, and one where exact computations 
can be performed in detail, of ’t Hooft’s idea that the 1/N expansion of a gauge theory with 
adjoint fields in the strong limit should be amenable to a dual description in terms of a first 

quantized string theory. Originally restricted to the partition function and closed string observables 
[GV99], the correspondence was later extended to incorporate Wilson loops along the unknot 
[OVOO] and topological branes; progress in open/closed mirror symmetry [HIVOO, AVOO, BKMP09] 
has further allowed to rephrase the correspondence in terms of the topological B-model on the 
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smoothing of the conifold singularity. 


Mathematically, the main consequence of this physics-inspired duality is a striking connection 
of theories of invariants from two domains of mathematics that are a priori quite separated. On the 
one hand, Witten’s heuristic approach to Chern-Simons invariants can be recast in the context of 
quantum groups and modular tensor categories to yield bona fide invariants of links in 3-manifolds 
[RT90, RT91]; when the Chern-Simons gauge group is U(A^) or SO/Sp(A''), this leads respectively 
to the HOMFLY and Kauffman invariants of links. Furthermore, the perturbative expansion of 
the Chern-Simons functional integral around the trivial flat connection leads to the theory of finite 
type invariants [BN06], via the Kontsevich integral and Le-Murakami-Ohtsuki (LMO) invariants. 
On the flip side, the topological A-model on a Calabi-Yau 3-fold X is mathematically defined in 
terms of suitable theories of moduli of curves in X, either via stable maps [Kon94] or ideal sheaves 
[DT98]. In particular, for the case of the unknot the Gopakumar-Ooguri-Vafa correspondence 
asserts that Chern-Simons knot invariants should be identified with suitable virtual counts of 
open Riemann surfaces on the dual Calabi-Yau 3-fold X. By mirror symmetry and the remodeling 
formalism [BKMP09, E015], this can be recast in the form of the topological recursion of [EO07] 
on the mirror curve of X. 

As a detailed instance of the gauge/string correspondence, and because of its far-reaching 
implications in geometry and topology, the GOV correspondence has been the subject of intense 
study both in the physics and mathematics communities. After the relation between Gromov- 
Witten invariants of the resolved conifold and the sIat+i quantum invariant of the unknot in had 
been proved [FP03, KL02], a natural question was whether the correspondence could be extended so 
as to encompass other classical gauge groups [BFM04, BFM05], knots^ [LMVOO, BEM12, DSV13, 
AENV14], and 3-manifolds. The generalization to manifolds beyond is perhaps the least studied, 
with all results to date confined to the case of lens spaces [AKMV04, HY09, BGSTIO]. 

1.1 Scope of the paper 

The purpose of this paper is to propose an extension of the GOV correspondence to the case of 
spherical Seifert manifolds. Our objects of study will be quotients = F\S^ by the free isometric 
action of a cyclic or binary polyhedral group F C SU(2); one notable example is the Poincare 
homology sphere, corresponding to P = P 120 being the binary icosahedral group. We offer here 
a conjectural dual description of the 1/N expansion in terms of both A- and B-type topological 
strings, together with a precision check for the contribution of the trivial flat connection, as follows. 

On one hand, we associate to each F a local Calabi-Yau 3-fold Y'", serving as the A-model target 
space; this is constructed in Section 3.1 by a natural F-equivariant generalization of the conifold 
transition of [GV99] for r*S^. When F is non-abelian, the F-action has the effect of reducing the 
rank of the automorphism group of to two, so that is non-toric. At first sight this may be 
a hindrance towards finding a mirror B-model picture, as in particular there is no explicit Hori- 

®In an allied context, a vast program of computation of HOMFLY invariants, exploring also possible new rela¬ 
tions with matrix models, has recently been undertaken by the mathematical physicists at ITEP; see in particular 
[AMMM14, MMM"*'15] and references therein. 
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Vafa mirror here. However, the M-theory uplift of the Katz-Klemm-Vafa geometric engineering 
to five compactified dimensions [KKV97, LN98] suggests that the planar part of the topological 
string free energy should be governed by special geometry on a family of 5d Seiberg-Witten curves 
(Section 3.5), with gauge group Qy specified by the ADE label of E via the McKay correspondence. 
Furthermore, in light of the connection of 4d pure N = 2 Yang-Mills theory with the classical 
ADE Toda chain, it is natural to speculate that the bd curves should arise as the spectral curves 
of some relativistic deformation of the Toda chain, as has been known for a long time for the 
case Q = SU(p) [Rui90, Nek98]. We will then be compelled to propose that the B-model target 
space will be given by the family of spectral curves of the Toda-type classical integrable system 
recently constructed in [Will3, FM14] on the double Bruhat cells of the loop group Q, as we recall 
in Section 3.6. Concretely, the Toda spectral curves take the form 

Y; u) = det [Yl - /9min(Tf)] = 0 , (1.1) 

where is the Lax matrix of the Toda system on a suitable cell w of the affine co-extended 

group Q^, Pmin is an irreducible representation of Q of minimal dimension, and A G C* is the 
spectral parameter of the Lax matrix. The right-hand side expands in the spectral invariants of the 
Lax matrix, which are encoded in i? = rank(^) independent parameters u = {ui,... ,ur) - these 
are the Hamiltonians for the Toda classical integrable system on Q, and they correspond to the 
classical Weyl-invariant order parameters of the gauge theory vacua. We also have one additional 
parameter uq associated to the affine root of Q^, which plays the role of the speed of light in the 
mechanical system, and is related to the exponentiated volume of the base in the mirror A-model. 

Chern-Simons/WRT conifoidtransition^ A-model on Y^ 
invariant of S^/F 
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B-model: spectral curve jw/is correspondence ADE SW theory 
of ADE relativistic Toda 

Figure 1: The chain of dualities behind our proposal. 

On the other hand, the sIat+i evaluation of the LMO invariant of the Seifert space = 
S^/r is given by the partition function of a random matrix model, and observables in this matrix 
model encode perturbative quantum invariants of fiber knots; to disambiguate notations, Pr in the 
following denotes a Dynkin diagram of type A, D or E, bijectively associated with the cyclic or 
binary polyhedral group T (A-model), and also with the compact, simply connected, simply-laced 
Lie group Qy (B-model). This matrix model has a spectral curve: 

Y; A) = 0, A ^ X/a = Nh/a , (1.2) 



3 






which depends on the three-dimensional geometry only via F and the Seifert invariant a defined 
in (2.1). The latter only appears in the definition of the renormalized ’t Hooft parameter A. The 
all-order asymptotic expansion of the partition function and observables can be obtained from 
the topological recursion of Eynard-Orantin [EO07] applied to this curve - this is a B-model 
computation, in view of the remodeling proposal [BKMP09]. 

We propose that, for a suitable restriction u = u{X) of parameters on the Toda side, the curves 
and agree up to an abelian factor {Y — 1)*. Therefore, the generating functions of 

LMO invariants and perturbative quantum invariants of fiber knots in S'" receive an interpretation 
as suitably restricted Gromov-Witten/Donaldson-Thomas partition functions of E'". Our proposal 
passes several non-trivial tests, and automatically retrieves the known results for the case of lens 
spaces where T = Z/pZ is a cyclic group, E'" is a toric variety, and Q = SU(p). The 

non-toric cases have so far remained unexplored, and they are the main focus of this paper. 

1.2 Summary of results and organization of the article 

We now describe more precisely our results and their mathematical status. They can be grouped 
in three main strands. 

Eirstly, we construct the A-model geometries E'" by a direct generalization of the geometric 
transition for the case of spherical Seifert spaces (Section 3.1). We also highlight an extension 
of the holomorphic disk counting of [AVOO, KL02, BCll] to the non-abelian orbifold case, and 
introduce the generating functions of open/closed Gromov-Witten invariants that are relevant 
for the discussion. Secondly, we propose (Section 3.5) and carry out the detailed construction of 
the spectral curves (1.1) for Q = A, D, Eq, this requires substantial work and occupies the 
bulk of Section 6. For Q = Eg, computational complexity restricts the amount of data we can 
extract, while still allowing us to make some universal predictions on the form of (1.1), as well 
as a complete derivation of the spectral curve at the special point in moduli space corresponding 
to the T-orbifold of the conifold. Thirdly, for all G ^ Eg, combining these results with [BE14], 
we can establish that the sljv+i LMO invariants of S'" are computed by the Eynard-Orantin 
invariants of the Toda curves, which may be regarded as a restricted, B-model version of the GOV 
correspondence; for Q = Eg, a complete proof is out of reach of our methods, but we propose it as 
a conjecture passing non-trivial checks. 

The strategy we employ in our proof runs as follows: the LMO invariant on any Seifert space has 
been computed in [BNL04, Mar04], and for weight system sItv-i-i it takes the form of the partition 
function for a random N x N hermitian matrix model. The authors of [BE14] rely on [BGK15] to 
prove the existence of an asymptotic expansion when V —?• oo, and on [BE015] to show that the 
latter is computed by the topological recursion applied to the spectral curve of the matrix 

model. This material is reviewed in Section 2.4. The computation of the LMO spectral curve occu¬ 
pies Section 5, and is completed for A, D and Eg, while the result for Ej and Eg involves a number 
of parameters, in principle fixed by algebraic constraints that we could not solve. We however point 
out that, compared to [BE14], the complete expression of the LMO curve for Eg is new (Section 5.5). 
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Our comparison statement is presented in Section 4 and implemented in Section 6. It boils down 
to a general recipe to identify the function u{X) such that the LMO spectral curve and the Toda 
spectral curve specialized to u •(— u{X) coincide (Conjecture 4.1). We give the expression of u{X) for 
TX G {A,D,Eq}, thus proving the conjecture. Algebraic complexity challenges the computation for 
Ef and Eg, but we are however able to prove that the specialization exists for Ej, and we hnd exact 
agreement of the Toda/LMO curves at the conifold point (i.e. A = 0 on the LMO side) for Eg, 
as well as a more general equality of their vertical slope polynomial. This comparison pertains to 
the left vertical arrow in Figure 1, and can be formulated as follows (see Section 2 for the relevant 
notation): 

Proposition 1.1 Let {Ej[X]u]) he the eigenvalues of the Lax matrix of the Toda integrahle system 
for the affine co-extended group of type ADE, speeified by fundamental character values ui,. .., ur, 
Casimir uq = — exp(—XorbA/2) and spectral parameter X . There exist a specialization {ui{X))i and 

an explicit vector Vj G Z“ such that the Taylor expansion of Ej[X;u{X)] near X ^ oo is equal to: 

yv,{X) = n (1.3) 

1=0 

with: 

y{X) = -Ai/“cexp(^^^X-^/“(TrZY^)(°)) , (1.4) 

® k>0 

and where (Tr is the large N limit of the moments of the random matrix U in the Seifert ma¬ 
trix model. Furthermore, the full 1/N asymptotic expansion of (Tr ... Tr computed 

from (i.3)-(1.4) by the Eynard-Orantin recursion [EO07]. For ki G [ajamfl,, this is identified with 
the 1/N expansion of the perturbative quantum invariants (in virtual k-th power sum representa¬ 
tion) of the knot going along the fiber of order am in the Seifert manifold. 

Remark 1.1 Combining the results of [HanOl] and [Mar04], one sees that the matrix model observables 
described in Section 2.4 appear as one term in the expression of the sIat+i quantum invariants of fiber 
knots in Seifert manifolds produced by the Witten-Reshetikhin-Turaev-Wenzl TQFT at roots of unity; in 
Chern-Simons theory, localization heuristics identifies it with the contribution of the trivial flat connection 
to the Chern-Simons path integral. Throughout the paper, we will use the name “perturbative quantum 
invariants” to refer to these quantities. Whenever the trivial connection is isolated, i.e. for lens spaces and 
the Poincare sphere, these should coincide with the dominant contribution to the saddle-point asymptotics 
of Wilson loops in Chern-Simons theory. 

For the A-series, this correspondence has been known to extend to the perturbative expansion 
in Chern-Simons theory around a general flat connection [HY09]. Its formal analogy with the 
general simply-laced case cries out for generalization to the D- and Fl-series, and we speculate in 
Conjecture 4.2 on extending our statements to an arbitrary flat background. 

The link between the A- and the B- model geometry - i.e. the diagonal arrow in Figure 1 
- will be explored in a subsequent publication [Bril5], where more details can be found on the 
computations leading to the results of Section 6. 
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2 Chern-Simons theory and Seifert spaces 

This section reviews the main characters in our play, starting from the LMO invariants and Chern- 
Simons theory of Seifert 3-manifolds (Section 2), and in particular the spherical ones. We also 
discuss rigorous aspects of the matrix model approach. Then, we argue on physical grounds using 
large N dualities, geometric transitions (Section 3.1) and geometric engineering (Section 3.5), how 
Chern-Simons theory on relates to d = 5, AA = 1 pure Yang-Mills theory with ADF gauge 

group, and in turn to the classical integrable systems that govern its effective action up to two 
derivatives (Section 3.6). This is the necessary material to present our two main conjectures in 
Section 4. 

2.1 Geometry of Seifert 3-manifolds 

Seifert fibered spaces are manifolds that are S^-bundles over orbifold surfaces [SeiSO]. When 
the base surface is the sphere with r orbifold points of order oi,..., o^, can be realized by 
rational surgery on the link in S^, consisting of one main component passing through r meridians. 
The surgery slopes are 1/6 on the main component, and amibm on the m-th meridian. Here, 
Qm > 0 and 0 < 6m < is coprime to am- There exist moves changing the surgery data but 
giving isomorphic Seifert spaces. Nevertheless, the uple (oi,... ,ar) and 



( 2 . 1 ) 


are invariants of Seifert fibered spaces. For r > 3, (oi,... ,ar) is a topological invariant of M^, 
whereas the cases r = 1 or 2 realize lens spaces in several inequivalent ways as Seifert fibered spaces. 
Two quantities are particularly important: 




( 2 . 2 ) 


A presentation of the fundamental groups of Seifert spaces was described in [SeiSO] and the 
fundamental groups identified in [Orl72]: we remind this in Appendix A. The key fact is that 
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7ri(M^) is finite iff Xorb > 0 and cr / 0; this occurs for lens spaces or for r = 3 exceptional 
fibers of order (2,2,p), (2,3,3), (2,3,4), (2,3,5). Then, the orbifold fundamental groups of the 
2d-base of the Seifert fibration is the spherical triangle group T = ( 01 , 02 , 03 ). The resulting 
3-manifolds S'" = r\S^ are spherical Seifert spaces: these are quotients of the 3-sphere by a hnite 
group of isometries acting smoothly, linearly and freely. Up to central extension, as reviewed in 
Appendix A-B, the list of possible groups is exhausted by T C SL(2,C) being a cyclic or binary 
polyhedral group. By the McKay correspondence [McKSO], these have an ADE classification given 
in Table 1. Throughout the text, we will employ the labeling by ADE Dynkin diagrams Dr to 
refer to the corresponding Seifert geometry. 


Exceptional fibers 

T 

Dr 

(P) 

Z/pZ 

Ap—i 

(2,2,p) 

Q4(p-b2) 

Dp+2 

(2,3,3) 

P 24 

Eq 

(2,3,4) 

P 48 

Ej 

(2,3,5) 

P 120 

Eg 


Table 1: ADE labeling of spherical Seifert manifolds. is the binary 
dihedral group, of order 4p; P 24 , P 48 and P 120 denote the binary tetra-, 
octa-, and icosa-hedral groups respectively. 

As 7ri(S'") = r is finite, Di(S'", Z) is purely torsion and S'" is always a rational homology sphere 
(QHS). In our list, the only case where we obtain an integer homology sphere is the Eg case with 
bi = b 2 = = —b = 1: this is the Poincare sphere. 

2.2 LMO invariant 

Before getting to Chern-Simons theory in Section 2.4, we first present the mathematical avatar 
about which this article is mainly concerned: the LMO invariant [LM098]. It is a graph-valued 
formal series associated to any rational homology sphere. The choice of a simple Lie algebra g gives 
an evaluation of the graphs, and converts this series into a formal series with rational coefficients: 

lnZLMo(M3) = ^ ^25-2 j-^(m3) e h-^q[[h ]]. (2.3) 

geN/2 

Bar-Natan and Lawrence [BNL04] obtained a surgery formula allowing them to compute the LMO 
invariant of Seifert manifolds which are QHS, and after picking up a simple Lie algebra, the result 
takes the form: 

^LMo(^^) = # n (sinh[(a • <(>)/2])^"'' sinh[(a • (j))/2am]) _ (2.4) 

a>0 m=l 

\} is the (real) Cartan subalgebra of g, the product ranges over all positive roots, and {x,y) ^ x ■ y 
is the Killing bilinear form, and d(j) the corresponding Riemannian volume. is an explicit 

prefactor involving Um, <7 and the Casson-Walker invariant of [Wal92]. Apart from this 
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contribution, the only dependence on bm is hidden in the parameter a defined in (2.1). 


We will be mainly interested in the weight system of the Lie algebra sItv+i- In this case, 
elementary combinatorics shows that the LMO invariant can be repackaged by setting X = Nh into 
a well-defined formal series: 

Inzi'^+')(M3) = Tg{M^;X) G Q[[A]] . (2.5) 

96 N 

J-h ni'e called the free energies. In the case of Seifert manifolds, we prefer to define: 

X^Nh/a = X/a, (2.6) 


and (2.4) for Seifert spaces becomes: 


N 


n (sinli[(</'i-(?ij)/2]) sinh[((/.i-(/.j)/2am] JJe 

m=l T=i 


(2.7) 


2.3 The matrix model approach 

The right-hand side of (2.7) provides a definition for a function of an integer N and a positive 
parameter A, that we denote Zjv(M^;A). This is a convergent matrix integral, and its large N 
asymptotic behavior for a fixed A > 0 can be studied rigorously with the techniques recently 
developed in [BGK15]. The main result of [BGK15] relies on an assumption of strict convexity, 
which is here satisfied when Xorb > 0 and A > 0 is small enough. One then obtains, for any go > 0, 
an asymptotic expansion of the form: 


N 


Zn{M^;X) = IT (sinh[((/)i - (/>j)/2])^ '' IT sinh[((/)i - (/>j)/2am] ITe 


1<2<J'<A^ 


2 = 1 


90 

NN+5/12 ^ ^ 2-29 ^ C)(Ar2-2go)^ ^ 


( 2 . 8 ) 


9=0 


and Fg{M^-,X) extends as an analytic function of A in a vicinity of 0. It was proved in [BE015] 
that the Fg are computed by the topological recursion of [EO07]. This requires only the knowledge 
of the spectral curve of the matrix model, here conveniently defined as: 


Wo,i{x) 


= lim 


1 ^ 


X 


N=>-oo N \ X — 
i=l 


and the knowledge of the two-point function: 


(2.9) 


Wo, 2 {.xi,X 2 ) = lim 

N=fOC 


X 1 X 2 


N 

(ici - e‘J^u/“)(x2 - e'*^*2/“) 


N 

21 = 1 ^ 


Xi 




N 

V- 


X2 


_ 00*2/^ 


( 2 . 10 ) 

It turns out that IEq, 2 ( 3 ^ 1 , 2 : 2 ) can be analytically continued as a meromorphic function of 2 
variables in the same curve, i.e. on {(xi, yi, X 2 , 1 / 2 ) G Vi = ILo,i(a^i)}- The topological 






recursion then provides a universal algorithm to compute the whole 1/N asymptotic expansion of 
correlation functions, and then Fg for g >2. Beyond computations which are anyway rather heavy 
to perform explicitly, we learn that, to understand the singularities of the continuation of {Fg)g>2, 
dxFi and d^Fo as an analytic function of A in the complex plane, it is enough to understand the 
singularities of the analytic family of curves {y = hFo,i(x)}A. 

Remark 2.1 One may ask what these analytic functions Fg{X) in (2.8) have to do with the formal series 
Fg{X) in (2.5). It can be proved that the Taylor series of Fg{X) at A —)■ 0 gives A). Indeed, it is easy 

to show that the formal series Fg{M^;X) satisfy some loop equations (let us call them formal), expressing 
them as generating series of a certain set of ribbon graphs with Boltzmann weights prescribed by (2.4), and 
these equations have a unique solution (see e.g. [Borl4]). It is also well-known that Z]\f{M^;X) satisfies a 
set of loop equations, obtained for instance by integration by parts in the matrix model. Inserting the form 
of the asymptotic expansion (2.8) in these equations, collecting the powers of N, and collecting order by 
order in the Taylor expansion when A —^ 0, we obtain the same formal loop equations that were satisfied by 
Fg{X). We can then conclude by uniqueness of the solution of the formal loop equations. 

To recap, the matrix model and the study of Fg(X) give a method to compute and establish 
convergence properties and analytic continuation of the formal series Fg{X). The main task lies in 
the computation of the spectral curve, which was mainly addressed in [BE14] by one of the authors. 
It turns out that among Seifert spaces, only the ADE geometries have an algebraic spectral curve, 
with a subtlety that will be explained in Section 5.1. In Section 5.3 we review the construction of 
the matrix model spectral curves, which consists in describing the monodromy group of W(x), and 
exhibiting the unique function that admits the singular behavior and branchcuts required by the 
problem. 

2.4 Chern—Simons theory 

In physics, the LMO invariant captures the h —>• 0, perturbative expansion of the Chern-Simons 
functional integral on with compact, simply-connected gauge group G = exp( 0 ), 

= £^^[PAl]exp(^^CS[Al]) , (2.11) 

CS[Al] = f fAAd^+-.43V (2.12) 

Am 3 V 3 y 

around the trivial flat connection, A = gdg~^‘, here k G N* is the Chern-Simons level, and the 
LMO variables are identified as h = Fvk j{k + F^), X = -h with FF the dual Coxeter number of g. 
The full partition function of Chern-Simons of Seifert manifolds that are QHS can be found 
in various ways, depending on the mathematical starting point one chooses for Chern-Simons 
theory - which morally realize the path integral with Chern-Simons action. They all lead to the 
same answer for Seifert spaces, and appears as one term within Z®g. 

In a Hamiltonian context, Marino [Mar04] cleverly used the gluing rules of the Wess-Zumino- 
Witten TQFT, the Kac-Peterson formula for the S- and T-matrices, and the surgery presentation 
of Seifert spaces to derive the formula (2.4) for His work generalized to all simply-laced Lie 

algebra an observation of Lawrence and Rozansky [LR99] for s[ 2 , and can be seen as the TQFT 
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analogue of the surgery approach of [BNL04]. His matrix model representation has then been 
rederived via functional localization, either by exploiting the S^-action of the Seifert fibration to 
reduce (2.11) to a discrete sum over flat connections over the orbifold sphere [BT06, BT13], or 
by taking a choice of a contact structure on and resorting to non-abelian localization [BW05, 
Beal3] to single out the contribution of isolated flat connections^, or yet again [Kll] by employing 
localization in a topological twist of a parent supersymmetric theory [KWYIO]. The authors of 
[Beal3, Kll, BT13] also show that the insertion of a Wilson line W-jiiKa^) along the exceptional 
fiber of order am decorated with a representation TZ is represented in terms of </> G 1} as an insertion 
of the character ch 7 ^(e‘^^/“"*,..., For g = si, the characters are the symmetric functions, 

and the definition of Wti can be extended by linearity to the whole character ring. If we restrict to 
the contribution of the trivial flat connection, a good way to encode all of them at the same time 
is to define the correlators of the matrix model. The latter are defined, for n > 1, as: 


Wn{xi,.. 


^ A 
Xn) = 


n N 

HE 


,=ii,=ix-e- 0 


'A*, /“ / conn. 


(2.13) 


with respect to the measure in (2.8), and they depend implicitly on A. For our purposes, it is 
helpful to work with connected observables, as they enjoy a well-defined \/N expansion. For k an 
integer, let pk be the fc-th power sum character. Then, we have: 


n 




conn. 


n 

[n^ 

3=^ 


kj{a/amA 


(^1 7 • • ■ ; ^ n ) 


(2.14) 


We can read off invariants of knots going along the various exceptional fibers Ka^ by looking 
at the coefficients of expansion of the correlators when x, —)• oo (or Xi —)• 0) for orders that are 
multiples of afam- 


The discussion of Section 2.2 applies to the Wn as well. For the spherical Seifert geometries, 
the work of [BGK15] establishes an asymptotic expansion when N —>• oo: 

lF„(xi,...,x„) = H/3,,(a:i,...,x„) (2.15) 

g>o 


at least for A > 0 small enough. The coefficient of x the Laurent expansion at infinity 

of the function: 

W{x) = kFo,i(x) (2.16) 

defining the spectral curve computes the planar limit of the HOMFLY invariant of Ka^ colored 
with the virtual character pk. The other coefficients do not seem to have an interpretation in terms 
of 3d topology, but they do influence the monodromy of the spectral curve^. 

"'it should be stressed that the trivial flat connection is isolated only in the case of lens spaces and the Eg Seifert 
geometry. Therefore, identifying ^lmo with the trivial connection is only legitimate in those cases. 

®In the case of lens spaces, invariants of fiber knots are related to invariants of torus knots in S^. We point 
out that [JKS14] defines and compute a new spectral curve that only contains the physical part of the information 
(i.e. the planar limit of HOMFLY’s of the torus knots) skipping the other coefficients. They are able to find a 
(very complicated) 2-point function which, after applying topological recursion, still gives the “physical part” of the 
correct higher genus expansion. From a conceptual point of view, it is simpler to keep on with spectral curves that 
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3 Construction of 1"^ and topological string dualities 

3.1 Topological large N duality 

As for any quantum gauge theory with gauge group U(A^) and fields in the adjoint representation, 
the formal perturbative expansion of the Chern-Simons path integral can be formulated as an 
expansion in ribbon graphs G, whose dual graphs are triangulations of a closed oriented topological 
2-manifold Sq. Elementary combinatorics then shows that each loop in the diagram contributes a 
factor of A = gy^^N, and the overall topology contributes a factor of [tH74]. In particular, 

the perturbative free energy takes the form 

G 5ymQ[[A,4m]]- (3-1) 

g,n>0 

For the case of U(A^) Chern-Simons theory on a closed oriented 3—manifold M^, Witten showed 
[Wit95] that this can be reinterpreted as the target string field theory of the open topological A- 
model on the cotangent bundle T*M^, with N Lagrangian A-branes wrapping the image of the 
zero section (see [Mar05] for a review). Here, the string coupling constant should be identified 
with gs = 5 ym> ™ particular, the ribbon graph expansion translates into a virtual count of open 
holomorphic worldsheet instantons with A-type Dirichlet boundary condition on M^. A formal 
resummation of the contribution of the connected contribution of the boundary - the “holes” in 
the worldsheet - gives rise to a formal closed string expansion, 

A), (3.2) 

3>0 

When = S^, Gopakumar and Vafa identified the closed string model as the closed topological 
A-model on the resolved conifold Tot[0(—1) © 0{—l) —?■ P^]: here gs is the closed string coupling 
constant, and A is identified with the Kahler parameter of the base P^. Geometrically, this target 
space is obtained from by a complex degeneration to a normal singular variety (the singular 
conifold) obtained by contracting the base followed by a minimal crepant resolution of the 
resulting singularity with a P^ as its exceptional locus. While there are obstructions to extend this 
circle of ideas to more general 3-manifolds [BGSTIO], it is still natural to conjecture, in view of 
the positive results of [HY09], that the same scenario could apply to the case of spherical Seifert 
manifolds and E C SU(2) quotients of the conifold, as we now describe. 

3.2 Geometric transition for 

Let us review the conifold transition for the simplest case of with unit radius. Since ~ SU(2) 
is a Lie gronp, r*S^ is a trivial bundle; its fiber at identity is the space i?7o(2, C) of traceless anti- 
hermitian 2x2 matrices. Any matrix A G GL(2, C) can be written uniquely by polar decomposition 
M = Ue^ where U G U(2) and H G 'H{2,C) definite positive, and if we restrict to det(A) = 1, we 
must have det(U) = 1 and ti{H) = 0. Therefore, the polar decomposition gives an isomorphism: 

T*S3~SL(2,C) (3.3) 

may contain knot-theoretic irrelevant information, which are used to get the higher genus corrections, and only then 
discard coefficients which do not have a knot-theoretic interpretation. The equivalence between the two approaches 
is guaranteed by a property of commutation with “forgetting information” enjoyed by the topological recursion, see 
[BE015]. 
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This description can be fit into a flat family tp ■. X = GL(2, C) —)• C* given by the determinant map. 
Then the fiber at a point fj, such that Im// = 0 and Re /i > 0 is isomorphic to the cotangent 
bundle of a sphere with radius fi. Explicitly, writing 

p{A) = wo + iw ■ a, Wj = pj + \qj (3.4) 

realizes as the real complete intersection in cut out by Qj ~p] = Si=i ~ 

Let us add the locus of non-invertible matrices to form: 

^ : Mat(2,C) ^ C. (3.5) 

The fiber JTjq] above /r = 0 is the singular quadric det T = 0. It admits a canonical minimal 
resolution 

7r:X^X[o], X^{{p{A),v)€X^o^x¥\ p{A)v = {)], (3.6) 

where tt is the projection to the first factor. The point T = 0 is singular in -T[o], and its fiber 
is a complex projective line with [ui : V 2 ] as homogeneous coordinates. Using coordinate charts 
on exhibits X as the total space of 0(—l) © 0(—1) —>■ i.e. the resolved conifold. As a 

symplectic manifold, it supports a one-dimensional family of complexified Kahler forms coming 
from its presentation in (3.6), namely 


WtB = (3.7) 

where i = {ii,i 2 ) is the factorized form of the embedding i : X ^ Mat(2,C) x P^ from (3.6), 
and uiQi and cups are respectively the canonical Kahler form on Mat(2,C) ~ ~ and the 

Fubini-Study form on P^. 

3.3 Geometric transition for 

We now consider the action of finite groups of isometries of reviewed in Appendix B. The 
morphism p is compatible with the isometric action of left and right multiplication on ~ SU(2). 
This means that, if we denote <I >4 the lift of this action to an action by symplectomorphisms on 
r*S^, we have for any (gi, ( 72 ) £ SU(2) x SU(2) and any A G 

A) = qip{A)qp^. (3.8) 

Let us focus on the left action by a finite subgroup T C SU(2). This is a fiberwise action on 
p : A —7- C*, which is free on each fiber When p, > 0, we claim that the set of equivalence 

classes is just isomorphic to T*S^. Indeed, consider the local diffeomorphism on given by 

Pi = qipi + q 2 P 2 + q3P3 + q^Pi, 

P3 = q3Pi + q4P2 - qiP3 - q2P4, 

and 

= “ /-^- 

\/p + Ej=iP] 


P2 = qiP2 - q2Pi + q4P3 - 
Pi = q3P2 - qiPi - q2P3 + qiPi, 


(3.9) 


qi 
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It is non-singular everywhere for /r > 0, and the resulting real sixfold is just x cut out in 
by: 

4 

P1 = 0, = (3.11) 

i=l 

Using the generators of T given in Appendix B, it can be checked that the coordinates pi are 
F-invariant so that the quotient is: 



Spec C[A]'" 
(det A = p) 


~ X 


(3.12) 


which is isomorphic to T*'S^ by Stiefel’s theorem. 


Now, let us look at the F-action on the resolution X. It only acts on the first factor of (3.6), 
and hence this is a hberwise action on p : X —?• (the second factor in (3.6)). The fiber at a 
point z G is isomorphic to the du Val singularity F\C^, and the resulting target geometry can 
be studied in two distinguished chambers of the stringy Kahler moduli space. Let 

R = rank(^r) • (3.13) 

In the orbifold chamber, we are looking at the orbifold A-model on = [F\Opi^(—1)]. Its degree 
two orbifold quantum cohomology - i.e. the space of marginal deformations of the A-model chiral 
ring - is generated by classes (<5, (Cj)jLi); here 6 is the class of the base of [T^][o] — >• P^, where [][o] 
denotes the untwisted sector, and are twisted orbifold cohomology classes of Chen-Ruan degree 
two. In the large radius chamber, we take a crepant resolution of the singularities of 
obtained by canonically resolving the surface singularity F\C^ hberwise. The resulting Calabi-Yau 
threefold is thus an ALE hbration over P^, with hbers given by conhgurations of rational 
curves having normal bundle (0,-2), and whose intersection matrix equates the negative of the 
Cartan matrix of Qy [Rei]. Then H‘^{Y^g) is generated as a vector space by the base class S above, 
plus classes (7j)jLi representing the nodes in the chain of exceptional hber P^’s. In the following 
we will often write Y^ to refer to either of the two chambers whenever the context applies to both 
of them. 


3.4 A-model: Gromov—Witten theory on Y^ 

In terms of the coordinates {aij = p{A)ij}ij=i ^2 and [ui : V 2 ] of ( 3 . 4 ) and ( 3 . 6 ), supports a 
natural T ~ C*-action given by 

(011,012,021,022; [fi ■■V2]) —^ (liaii,ai 2 ,/i 02 i,a 22 ; [p~^vi : V2]) , ( 3 . 14 ) 

Here T acts trivially on the canonical bundle: on the full resolution F).es, it has a compact fixed 
locus k^esT consisting of two hbers above [0 : 1] and [1:0], each isomorphic to a disjoint union of 
a P^ with {R — 2) points; likewise, its hxed locus on is the union of two F-orbifold points, i.e. 
rp ~ RFURF. The A-model/Gromov-Witten closed free energy of T*" is then dehned/computed 
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(3.15) 


by localization [GP99]: 


(y?i,..., ifji) 


^^2,-2yGW(yr^,)^ 

3>0 


E E 

n=0/3e//2(yr^2 


{<i'(t),...,<|.(t)>^; 


ni 


'[MsMyrM' 


evi(^i U • • • U ev^^pn G 


(3.16) 

(3.17) 


where /i = ci{Obt{Y)) denotes the equivariant parameter of T and <1> is a cohomology class 
specified by linear coordinates t on In fact, as the torus action is Calabi-Yau (i.e. it 

preserves the holomorphic volume form), Gromov-Witten invariants in positive degree (3.17) do 
not depend on p [MOOP08], nor do the higher genus invariants for g > 2 and all /?. Equations 
(3.15)-(3.17) will be our candidate for the A-model dual of the Chern-Simons free energy at large N. 


A-branes 

The geometry of offers also a natural candidate for an A-model description of the large N 
expansion of the Wilson loops along fiber knots, (2.15), in terms of open Gromov-Witten invariants 
[KL02, BCll]. On the resolved conifold Y = consider the anti-holomorphic involution 

cr : y —>■ y induced by cr(a 22 ) = oIT, cr(a 2 i) = 012 . Equivalently, this means cr(r(;o, 3 ) = 
cr{wip) = —wTp in (3.4)) and Vi —)> usW- Its fixed locus is thus isomorphic to x S^, where the 
circle is given by the equator of the base and it is Lagrangian with respect to the canonical 
Kahler form (3.7), as the first summand in (3.7) changes sign under a, and the second vanishes as 
y^ n has non-vanishing codimension. 


When r C SU(2) is cyclic, the P-action descends to a free action on the fixed locus Ya-: this 
simultaneously defines Lagrangian branes on and by respectively taking the orbit space 
Y^ = for y^rb, and the transform of this condition under the resolution map for Y^^^. 
When P is non-abelian, on the other hand, the P action does not descend to an action on the 
(T-fixed locus, as can be checked directly on the generators (B.11)-(B.13). However, P preserves 
the symplectic form (3.7) on Y (see Appendix B) , and one can check that the images of Y„ under 
the degree 3 (resp. 2) generator j (resp. k) are Lagrangians having empty intersection with Y^. 
Then, defining 


Y^ Vr = A, 
y,Ur(y,) Vr = D, 
U0=id,j,T (^(Ya) Y>r = Eq, Ej, 
, U0=id,j,T,K'^(^^) E>r = E8, 


(3.18) 


the T-action descends on yj" to give Lagrangian branes and as before. These branes have 
topology ]R^/(Z/g'r^) x where qr is tabulated in Table 2; notice that the T-action leaves the 
base P^ unaffected (hence the factor) and that Y^ is constructed from Lagrangian copies of Ta¬ 
in the orbit of “non-cyclic” generators r, j and k, hence the P-action factors through a residual 
cyclic action on Y ^^, giving rise to a cyclic quotient of . 

®We again omit the subscript from Ljigs and whenever the statements apply to both. 
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(3.19) 


Vr 

Qr 

1 

P 

Bp+2 

2p + 4 

Ci) 

00 

4 

Ey 

8 


Table 2: Orders of the residual cyclic group action on To- for Vy = An-, Dn, E^- 


As for the usual toric case, the Calabi-Yau torus action (3.14) allows then to define a vir¬ 
tual counting theory of stable open maps [BCll, KL02, Bril2] to Y*" having Dirichlet boundary 
conditions on via equivariant residues on M.g^n and A4g^„(P^,/3) (for l^gg) or M.g^n{BT) (for 




eviy?! U • • • U ev* 




(3.20) 


Here, n is the number of connected components of the boundary of the source curve, d = (di,..., dn) 
with di G describe their winding around the equator, and C G H 2 {Y^, C^) is the relative 

homology class representing the image of the open worldsheet in Y*". This can be packaged into 
formal generating series: 




9 ,n 


‘E 

n,C,,d 


im, 


^ "g,n,C.rf 


n\ 


i=l 


dj 


(3.21) 


where t are again quantum cohomology parameters accounting for localized primary insertions. On 
the resolution, the divisor equation puts (3.16) and (3.21) in the form of the familiar worldsheet 
instanton expansion^ 


^GW/yr 
g res’ 


(3.22) 


/3eH2(Yr^,Z) 


lY^ -t w) 

V-^ res’ -^res’ ^5 

^ dq 

- 2^}Bg,P,d iidj- 

(3.23) 


13,d 


3.5 Geometric engineering and mirror symmetry 

When r is a cyclic group, Y^ is a toric variety and it admits a family of mirror spectral curves 
(C'",0'") described by HorYIqbal-Vafa [HIVOO, BGSTIO]. When T is non-abelian, Y'" is not toric 
anymore as the fibers in the ALE fibration only possess the one-dimensional torus action (3.14), 
which is the the lift of the scalar action on r\C^; as a result the standard toric methods used 
to deduce an explicit picture in terms of mirror Calabi-Yau 3-folds (let alone mirror curves) 

^The class j3 G H 2 {Y^) here is retrieved as the image of under the connecting morphism in the relative homology 
exact sequence for (Y'", As the constraint = Y,i lor Hi® moduli space to be non-empty singles out a unique 
pre-image ^ for di we slightly abuse notation and switch ^ -f-)- /3 to emphasize the dependence of on the 

bulk/boundary moduli. 


15 











do not apply here. However, at least in some special limits it has been argued in the physics 
literature that the genus zero A-topological string on should be governed by special geometry 
on a family of curves. Denoting by te and tj the Kahler parameters of 6, jj G it 

was proposed in a series of papers [KKL+96, KLM'*'96, KKV97] that the g = 0 free energy of 
the type A-topological string on yj,gg should coincide with the prepotential of AA = 2, d = 4 
pure super Yang-Mills with gauge group Qr upon identifying the quantum Coulomb moduli 
as ttj = tj/e, the holomorphic scale as A = and taking the limit e —?■ 0. This limit 

corresponds to a type IIA compactification on a K3 where we “zoom” around an ADE singularity 
by sending the Planck mass to inhnity. The overall effect is to decouple the gravitational modes 
and give rise at the same time to enhanced ADE gauge symmetry. Further fibering that over a 
yields a pure gauge field theory in d = 4 with eight supercharges and no hypermultiplets as 
the effective four-dimensional theory. As a result, in this degenerate situation we do expect a 
spectral curve mirror: this is the Seiberg-Witten curve of the geometrically engineered gauge theory. 

What about the case of finite e? When T = Z/pZ, i.e. Gr = Ap_i, it was argued in [LN98] that 
uplifting the reasoning above to M-theory compactified on a circle gives rise to exactly the same 
type of identification, where now the UV scale 1/e is identified with the inverse of the radius of the 
eleventh dimensional circle. This gives an exact identification of the gauge theory prepotential of 
the resulting AA = 1, d = 5 field theory with the topological string free energy: the “field theory 
limit” of [KKL“''96, KLM'*'96, KKV97] becomes here just the limit from hve to four dimensions. 
The upshot is that the sought-for mirror of should take the form of a d = 5 Seiberg-Witten 

curve for the pure gauge theory with group Qr- When Qy = Ap_i, this was obtained by Nekrasov 
in [Nek98], and the resulting geometry is the spectral curve of the periodic relativistic Toda 

chain with p-particles [Rui90] : 

p-i 

= {(^>^) e c* X c*, e-‘B/ 2 (x + A-iyp) =yp + ^up_fc(-y)^ + i|, (3.24) 

fc=l 

equipped with the 1-form: 

(3.25) 

Unsurprisingly, this coincides with the Hori-Iqbal-Vafa mirror of Using brane constructions, 

Nekrasov’s result has been generalized to arbitrary classical groups, and in particular Q = Dp +2 in 
[BIS+97]: 

pH-2 

= {(X,y) G C* X e, e-*B/2 (x + x-^) = {-1)P2-^pYI{Y- rj){Y-rj^)}, 

i=i 

(3.26) 

again with the canonical Seiberg-Witten differential = \ogYdX/X. 

No results are available in the literature for the exceptional cases away from the 4d limit (see 
however [LW98, EWYOl] for the Eg and E-j cases when e —?■ 0). However, Nekrasov’s original insight 
[Nek98] naturally suggests that the resulting geometry should be in all cases the spectral curve 
of a relativistic deformation of the Lie-algebraic Toda systems relevant for the four-dimensional 
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limit [MW96]. Fortunately, the relevant technology for the construction of the spectral curves has 
recently become available since the work of Williams [Will3] and Fock-Marshakov [FM97, FM14], 
as we now turn to review. 


3.6 B-model: the classical afRne co-extended ADE Toda chain 


A simple, simply-laced Lie group G of rank R, with maximal torus T, can be endowed with a 
canonical Drinfeld-Jimbo Poisson structure 


{9^9} 


1 

2 


[r,9®9], 


(3.27) 


where 



agA+ j=l 


(3.28) 


is the canonical solution of the classical Yang-Baxter equation on Q [KS97]; here A+ is the set of 
positive roots, and {hi,ea,ea) is a Chevalley basis of generators of Lie(^). We choose a labeling 
of the nodes of the Dynkin diagram of ^ by i = 1,..., i?, which leads in turn to a labeling of the 
Cartan generators. G has a cell-decomposition 


G= n (3.29) 

where SUg is the Weyl group of G and the double Bruhat cells Gw are themselves Poisson manifolds. 
As T C ^ is a trivial Poisson subgroup of G, the Poisson structure (3.27) descends to Poisson 
structures on G/T and Gw/T, where the quotient is taken by the adjoint action of the torus. Given 
a standard decomposition of a word w G Wg x Wg of length I into reflections w = o • • • o 
with respect to the simple roots ai- labeled by the nodes ij of the Dynkin diagram, the map 

Li: (c-y Sw/T 

nYl' ' 

is a Poisson morphism with respect to the logarithmically constant Poisson structure on (C*)^ 
determined by the exchange matrix e on the corresponding Poisson quiver (see [KM15]): 


{xi, Xj} = etjXiXj. (3.31) 

In (3.30), Hi{x) = exp(x/ij) and Ei = exp(ei) are elements of G obtained by exponentiating the 
Chevalley generators. The operator L£ is the Lax matrix of a classical integrable system on Gw/T'. 
the coefficients of its characteristic polynomial give then a set of independent Ad-invariant (hence 
Poisson commuting) functions on Gw/T. 


When G = SL(p -|- 1), the resulting mechanical system is the open relativistic Toda chain 
with p sites [Rui90]. As was the case for the Lie-algebraic version of the non-relativistic Toda 
system, generalizing this picture to the periodic case relevant for the discussion of the previous 
section amounts to extending the construction above to the case of affine Lie groups. It was 
proposed in [FM14] that the relevant Poisson submanifolds in this case should be constructed on 
the co-extended loop group G^ — Loop(^) x C*, upon projecting onto elements having trivial 
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co-extension. In particular, we focus on the double Bruhat cell labeled by the cyclically irreducible 
word: 

w = n...RR. (3.32) 

The corresponding Lax matrix is obtained from by adjoining a spectral parameter- 

dependent contribution by the affine root of Loop(^) [KM15], as 

R 

Lf (xi, XT,..., XR, x^; X) 4 , (3.33) 

i=l 

with xq, X G C* and the product is done starting from i = 1 on the left and ending aX i = R on the 
right. Denote by the characters of the fundamental representation with highest weight oji, 

where u}i{aj) = 6ij. We have a map 

n : (C*)2^ X X C3, ^ 

Lf ^ (3.34) 

obtained by taking the constant term Lw in the Laurent expansion of G Q[X,X~^] and 
then evaluating its fundamental characters. This is a submersion of (C*)^^"*"^ onto a Zariski open 
subset ilg of with the linear coordinates: 

Ui = (3.35) 

giving a complete set of hamiltonians in involution. Furthermore, let G N be the coefficients of 
the highest positive root in the a-basis for Q. Then, upon projecting to trivial co-extension, 

^0=n = ^0^^^ n 

i=l i=l 

_I4. 

gives a Casimir for the Poisson bracket on . Fix now an arbitrary irreducible representation p G 
Rep(^). The characteristic polynomial of p{L^*) then gives a family of plane curves C (C*)^ 

over ilg = X ilg. The curve above a point u = (uq, ■ ■ ■, ur) given by 

Cj#‘5 = {(^,^)GC*xe, det[yi-p(L£(x;X))] = O}. (3.37) 

We further equip with the 1-form: 

c\ X 

!i™“ = logr—. (3.38) 

When 0 = Ai = SL(2) and /? = □ is the fundamental representation, this is just the holomorphic 
Poincare 1-form on the phase space of the relativistic Toda particle. 


4 The two main conjectures 


It can easily be shown that, upon specializing (3.37) to {G = Ap, p = □) and {G = Dpj^ 2 ,P = 
2(p -|- 2).^), we obtain [Nek98, KM15] that: 


^Toda _ ^SW 
^Ap,n ~ 1 


and 


T-Toda _ T-<SW 

^P+2,2(p-(-2).,^ Dp+2 


(4.1) 
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after suitably identifying the action variables u = (uq, • • ■, ur) in (3.37) with the classical Coulomb 
vacuum expectation values in (3.24)-(3.26). This compels us to formulate the two following 
conjectures. 


Let r C SL(2, C) be an isometry group of isomorphic to a cyclic or binary polyhedral group T. 
Let its Dynkin diagram determined by McKay correspondence (Table 1), and Qy the associated 
simply connected, simply-laced Lie group. We specialize pmin to be an irreducible ^r-module of 
minimal dimension, as in the following table (we will comment on non-minimal representation 
at the end of this Section). We can thus abbreviate and denote the family 


Qr 

Pmm 

A.p—1 

□ 

□1 

Da 

8v, 8s,8c 

Dp+2 

2(p + 2)^,p>2 

Eq 

27, 27 

E'j 

56 

Es 

248 


Table 3: Minimal irreducible modules for the ADE Lie groups. 


The first conjecture states that, upon suitable restriction of the action variables in and 
quantum cohomology parameters of K*", the (affine co-extended) Toda spectral curves are a sub¬ 
family of mirror curves of that coincides with the LMO spectral curves of S'". Here, the only 
place where the Seifert invariant a appears is in the rescaling A = X/a of the string coupling 
constant. Recall that c = exp(xorb-^/2a). 

Conjecture 4.1 (a) There exists a family of curves (j) : —)• over a 1-dimensional 

base, and a finite surjective map k : —)> C*, such that the germs at c = 1 of the LMO 

spectral curve and of no f are canonically isomorphic. 

(b) The base is isomorphic to A'. 

(c) We have a commutative diagram: 


plMO 

'-'Dr 


rrLMO 


■»Toda 

'n* 


■%r 


where 9 is a finite immersion and id restrieted to any fiber is an isomorphism. 


(d) There exists a ehoice t •(— t{X) of quantum cohomology parameters such that the generat¬ 
ing series Fg (resp. Wg^n) computed by the topological recursion to the restricted subfamily 
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C'^'^^\irae coincide with the genus-g closed (resp. n-holes, open) Gromov-Witten potential of 
Qy 

the 3-fold geometry described in (3.15), (3.21). Up to symplectic transformations of 

{X,Y) and overall multiplication by a constant, the 1-form to use as input of the recursion is 
= Iny dX/X restricted to lm.6. 

We formulate a second conjecture, extending the previous one to generic action variables/generic 
vacua in Chern-Simons theory. Since 7ri(S'") = F, the set of critical points of the Chern-Simons 
action is: 

^r,Ar — {flat U(A^) connections on S'" modulo gauge} ~ Hom(r, U(y))/U(iV). (4.2) 

and we let QJr = limAr^oo ^r,iv be its direct limit with respect to the composition of morphisms 
given by the embedding U(A^) ^ U(A^ + !)• By McKay correspondence [McKSO], irreducible 
representations of F are labeled by the nodes of the extended Dynkin diagram Pr • The affine node 
labels the trivial representation, and for i > 1, these dimensions coincide with the components of 
the highest root of Qr in the basis of simple roots. We can then describe: 

QJr = TJr,iv = | (A^o, • ■ ■, Nr) g • (^-3) 

When N —)• oo, we consider a background [M]t parametrized by tj = Nih for i G [[0,i?]], and 
in particular the rank is encoded in A = tg = Nh. We also define Cj = exp(xorb'ti/2a). Let 
now yg(S'",t) and Wg,n(S'", t; x) be the perturbative free energies and correlators of F!(A^) Chern- 
Simons theory expanded around the background [Al]t, which is defined at least formally as a 
series in t by the ribbon graph expansion of Section 3.1. While it is not clear to us if this can 
be given a matrix model-like expression beyond the A-series, e.g. by collecting certain terms 
in the exact Chern-Simons partition functions derived in [Mar04, BT13], the spectral curve in 
the background [Al]t can nevertheless be defined as in (2.9) from Wo,i, and it yields a family of 
curves (fo : —)• (C{^^^) formal where the notation for the base means that it is a priori a 

formal neighborhood of 0 in In light of the previous remark, we are unable to propose an 

independent computation for this Chern-Simons spectral curve in a general background, but we 
speculate: 

Conjecture 4.2 (a) There exists a family of curves (f : —)• T over an {R-1- 1)- dimensional 

base, and a finite surjective map k : Txip —)■ 01=0 such that fo and the germ at c = 1 (i.e. 
t = 0) of Ko 4> are canonically isomorphic. 

(b) We have a commutative diagram: 


rcs 

'-'Dr 

0 


^Toda 

■ 


^p 


e 


ilgr 


where 6 is a finite map and is a fiberwise isomorphism. 
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(c) There exists a section t (the orbifold mirror mapj of 9 such that the topological recursion applied 

to and the 1-form Inl" dX/X (maybe up to rescaling by a constant) computes, above the 

Qy 

point u, the free energy T'g{§^,i.{u)) and the eorrelators t(u); x), with x = X^/°‘. 


(d) There exists an affine automorphism ir G C'’®r xi End(C''®r) such that 




•CS/ 




;CS 


GW/ 


(4.4) 


Furthermore, there exists a unique change of normalization of the periods o/Wff 

such that the ensuing topologieal recursion on gives generating functions with 


/cS(SSt) = (t); x). 


pGW 


CS/ 


^GW/ 


g,n\ 


9,n 


(4.5) 


Remark 4.1 (On minimal orbits and minimal irreps). The construction of the Toda spectral curve involves 
the choice of a minimal-dimensional representation pmin of ^r; picking up a different representation leads 
to a curve, which cannot be simply reconstructed from the minimal one, but that should however lead to 
the same free energies [MW96]. On the other hand, we will see in Section 5.1 that the construction of the 
LMO spectral curve likewise depends on the choice of a vector u G Z“ with finite orbit under a monodromy 
group 211' = Weyl(I?p) for a certain !)(, C I?p: different choices of v contain equivalent information which is 
just repackaged differently, though in a non-trivial way, since the degree of the curves is related to the size 
of the orbit of v. One may wonder if there is a set-theoretic injection of the set of finite monodromy orbits 
into Rep(t/r), and whether the higher degree curves on the LMO side should be obtained from (suitable 
restrictions of) non-minimal Toda spectral curves. 


Remark 4.2 (Central extensions of T). A finite isometry subgroup T C SO(4) of is generically a non¬ 
trivial central extension of one of the finite groups T of Table 1 (see Appendix A for more details). The 
reasoning of Section 3.4 would lead us to consider now ALE fibrations over the weighted projective line, as 
in this case the T-action on the resolved conifold acts effectively on the base P^. It was shown by one of the 
authors in [BGSTIO] for the A-series that the geometric transition argument cannot be applied verbatim in 
this setting. We leave this question to future investigations. 


Remark 4.3 (T-action and orientifolds). In our brane construction of Section 3.4, if we instead chose 
a{aii) = 022 , cr(ai 2 ) = —adi as our anti-holomorphic involution, we would have that Y^- = 0: this would 
correspond to the orientifold of the resolved conifold considered by Sinha and Vafa in [SVOO], and in turn 
to Chern-Simons theory on with SO/Sp gauge group at large N. In contrast with the discussion of 
Section 3.4, it is straightforward to check that in this case the T-action commutes with the real involution 
for all finite T C SU(2). In particular, open and closed real versions of the Gromov-Witten potentials (3.22) 
and (3.23) can be defined by unoriented localization, as in [BFM05, DFM03]. On the other hand, SO/Sp 
Chern-Simons invariants of can also be computed from a matrix model analysis and the topological 
recursion [BEI4, Section 8]: the spectral curve and two-point function is the same as for SU up to a 
renormalization A —>■ A/2, but the initial data is enriched by an (explicit) 1-point genus 1/2 function. It is 
possible to formulate the analogue of Conjectures 4.1-4.2 in this context, but we will not venture in collecting 
supporting evidence here. 


5 Computations I: the LMO curves 

5.1 LMO spectral curves 

The LMO spectral curve is characterized as a solution of a maximization problem, which can be 
presented in several ways. In terms of the large N spectral density g{(j)) for the 4>fs, we have the 
saddle point equation: 

/^>(<(>'){(2 - r)lnsinh[((/> - (j)^)/2] -b ^ lnsinh[((/ - (/>')/2am]| < ^ , (5.1) 

m=l 


21 


with equality on the support of q, and £» > 0 with total mass / Q{4>)d(l) = 1. When Xorh > 0, one 
can show that the solution of this problem is unique, the support is a segment S, and Q{(p) is of 
the form with Q a positive, real-analytic function vanishing at the endpoints of S. 

Given the symmetry {(pi —)• —(pi, 1 < i < N} of the model (2.8), S must be symmetric around 0. 

Its determination is part of the problem. The usual method is to solve the linear equation (5.1) for 
a fixed arbitrary segment, then list the possible segments compatible with the other constraints 
(total mass 1, vanishing of the g at the edges). This list is usually finite, and if there is not already 
a unique solution, the correct one is singled out by the positivity constraint > 0. However, it is 
by no means easy to solve explicitly singular integral equations of the form (5.1) on a segment. 


The linear equation (5.1) can be rewritten in several equivalent forms. In terms of the resolvent: 


W{x) = j 

it becomes, for all x G 5: 


X Q{(p)(i(p 
X — e^l°- ’ 


Q{(t>) - 


- iO) - + iO) 

2i7r 6*^/“ 


(5.2) 


a—1 


T Q ,/dm — 1 

W{x + \Q) + W{x-\^) + {2-r)Y,W{C,ix) + Y, E W{Ciy,^x) = {o?/X)\nx + {a/2)xor^. (5.3) 

£=1 m=l = l 

where (Pk is a primitive /c-th root of unity. The symmetry {(pi —)■ —cpi 1 < i < implies: 

W{x) + W{l/x) = 1. 

We can get rid of the right-hand side and of log-singularities by defining: 

y[x) = -cxexp [(XorbA/a)lT(x)], c = exp(xorbA/2a) . 

By construction, y{x) is a holomorphic function on C \ S', with behavior 


(5.4) 


(5.5) 


T(a;) ~ —cx, 

x^O 


y{x) ~ —c ^x 

x^oo 


(5.6) 


and satisfying: 

Vx G S, y{x + iO)T’(a: — iO) [ n 


a—1 


1 2-r 


£=1 


T — 1 

n [ n yfCja, 


m=l £m=l 


= 1 , 


The symmetry (5.4) becomes: 


y{x)y{i/x) = 1. 


(5.7) 


(5.8) 


Equation (5.6) can be seen as a description of generators for the monodromy group © of the analytic 
function y{x), and (5.6) are constraints imposed on the singularities of the solution away from the 
branchcuts (here meromorphic singularities at 0 and oo). [BE14] presented a general strategy to 
solve a class of monodromy equations including (5.7). It leads at least to a partially explicit solution 
when certain finite subgroups of © are identified, as one can then express the solution in terms 
of an algebraic function. Among the Seifert matrix model, the ADE cases turned out to be very 
special, because they are the ones that can be obtained from algebraic curves. 
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Theorem 5.1 [BEI 4 J Consider the equation (5.7) with (ai,... ,ar) arbitrary positive integers and 
Xorh / 0. & is infinite, except in the case (2,2,2p') where <5 is the symmetric group in 2fi + 1 
elements. Besides, the two following points are equivalent: 

{i) Xorb > 0. 

[ii) There exists a non-zero u G Z“ such that 

a—1 

j=0 

has a finite monodromy group. So, there is a polynomial Vv in two variables, depending on 
\, such that Vv{x,yvix)) = 0. 


While y{x) has a cut on S only, yv{x) has a branchcut on Sj = Ca^S whenever vj 0. Knowing 

yvix) is enough to retrieve W{x) since: 


Vj {W{C,ix) - 1) 


Xorb^ 


dg ln(y.(0/(-cg)) 
S. 2i7r x-i 


(5.10) 


A simple computation from (5.7) shows that there exists linear involutions Tj G GL(a,Z) describing 
the monodromy of these new functions: 


Vu G Z“, Vx G Sj, yv{x + iO) = yj’j{v){x — iO). (5-11) 

The monodromy group & is isomorphic to the linear subgroup generated by the Tj for 
j = 0,..., (a — 1). Lemma 5.1 is then an answer to the question: does there exist a non-zero vector 

V with finite 0-orbit? The answer is positive only for the ADE cases, and we can actually be more 
precise: there exists a decomposition in two lattices Z“ = Eq(B E, where E is stable under 0, and 
the group generated by Tj\E for j = 0,..., (a — 1) is conjugate to the Weyl group TO' of a finite 
root system. The latter are also classified by Dynkin diagrams T>' of ADE type, and it turns out 
that V is always a sub-diagram of the Dynkin diagram T) attached to the Seifert geometry (see 
Table 2), with equality only in the Eg case and certain lens spaces. Then, one can show that 

V has finite 0-orbit iff u G E. In that case, describing the monodromy of yvix) reduces to the 
well-known classification of the orbits of the Weyl group TO' [GPOO], which are in correspondence 
with the parabolic subgroups of TO' , themselves described as the reflection groups attached to the 
(possibly disconnected) sub-diagrams V" strictly included in V. 


5.2 Definition of 

Eor computational purposes, it is natural to choose v in an orbit of minimal size. If v lies in a 
minimal orbit, all the other minimal orbits are obtained - up to rescaling - by shifting with 

e : ivj)j ^ (Vj+I (mod a))j- (5.12) 

This shift amounts to replacing x with Ca^x. Minimal orbits are given in Section 5.4 for D cases, 
in Section 5.5 for Eg and in Appendices E.l and E.l for Ej and Eg. They happen to be stable 
under some power of the shift i.e. Vvix,y) is a polynomial in , for some a' dividing a. 
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In the Seifert geometry T) = Z) 2 p'+ 2 ) v and e[r;] generated two disjoint minimal orbits, and 
Pv{x,y) is a actually a polynomial in Then: 


X = x^P'. (5.13) 

• For T) = I? 2 p'+ 3 ) there is a unique minimal orbit (all the shifts are in the same orbit), so 
Pv{x,Y) is a polynomial in X = x^p' that we denote V]^^^^{X,Y). 

• For P = Eq, the triality of P' = is responsible for the existence of 3 minimal orbits, 
generated by u, e[u] and e^[u], and Pv{x,y) is a polynomial in Then, we introduce the 
polynomial: 

r]^f^iX,Y)^V,{x,Y)V,{C3X,Y)V,{C^^x,Y), X = x<^. (5.14) 

• Similarly, for P = Ej, the duality of P' = Eq results in the existence of 2 minimal or¬ 
bits generated by v and s[v], and Py{x,Y) is a polynomial in x®. Then, we introduce the 
polynomial: 

r^f^ix,Y)^ry{-x,Y)ry{x,Y), x = x^\ ( 5 . 15 ) 

• For P = Eg, there is a unique minimal orbit, so Vy{x,Y) is a polynomial in X = x“ = x^®, 
that we denote V]^‘^{X,Y). 

In all cases, we have set X = x“, and our definition for the LMO spectral curve is: 

^ g C* X e, iP^^°(X,y) = 0 } . (5.16) 

Equivalently, the ideal V]^‘^{X,Y) = 0 is obtained by elimination of x in the equations 
{Vy{x,Y) = 0, X = x“}. Considering "P^MO than Vy is necessary for comparison with the 

Toda spectral curves, but of course it does not contain more information than Vy. 


The symmetry (5.8) implies the palindromic symmetry: 


p^^°(x,y) = c'x*yp^^°(i/x,i/y). 


(5.17) 


where • are the degrees of V^j^^ in the variables X and Y, given in Table 2. is a family of 

spectral curve with parameter A, equipped with the 1-form: 

Adding the differential of a rational function of X does not change the free energies and correlators 
computed by the topological recursion, so we can equally choose the 1-form: 


0-^1 

XorbA X 


Besides, the only effect of the rescaling by o/xorbA is that Wg^n are multiplied by (XorbA/a)^® 
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fiber orders 

a 

Xorb 

V 

V 

deg^iPL^o 

degy 

(P) 

P 

1 l/p 

A.p 

A.p 

1 

P 

(2,2,2y') 

2p' 

ll2p' 

D2p'+2 

Mp' 

2 

2 ■ {2p' + 1) 

(2,2,2p' + l) 

2{2p' + 1) 

l/(2p' + 1) 

D2p'+3 

E2p'+2 

2 

4(p' -b 1) 

(2,3,3) 

6 

1/6 

Ee 

Da 

4 

3-8 

(2,3,4) 

12 

1/12 

Ej 

Eq 

6 

2 • 27 

(2,3,5) 

30 

1/30 

Es 

Eg 

18 

240 


Figure 2: T> = Seifert geometry; V = monodromy group of the spectral curve, k ■ d va. the last 
column means that the reduced polynomial Vv has degree d in y, and contains k factors of 

Vv differing by some rotations of x. 


5.3 The computation in practice 

Since the details of the orbit analysis were presented in [BE14], we focus here on the next step, i.e. 
the identification of the polynomial equation for the spectral curve. Denote by the list of 

vectors in a chosen minimal orbit generated by u, and write 

Vv{x,yv{x)) = C n(2/-T«,[i](a:)) = 0 (5.19) 

i£l 

for the equation of the spectral curve; the constant C will be fixed later on. Let be the compact 
Riemann surface which is a smooth model for |(x,y) G C* x C* : Vv{x,y) = O}. It comes with a 
branched covering x : Cy ^ and y defines a meromorphic function on Cy whose value in the 
Lth sheet is y^'^\x) = yw[i]{x). 

Step A 

From (5.6), the functions y^'^\x) 


X —>■ 0 , 


)(x) 


S>a ’ 

(5.20) 

X —)■ oo , 


)(x) 

~ (-x/c)"°(’"[* 

:]) ^ni{w[i]) 

Sa 5 

(5.21) 

no(tc) 

a—1 


a—1 

ni{v) = 

jWj . 

(5.22) 


1=0 


1=0 




This fixes the coefficients on the boundary of the Newton polygon of Vy up to the overall multi¬ 
plicative constant C. (5.20)-(5.21) tell us that the slopes are (±1, no(u)[f])), therefore there exists a 
single monomial of degree 0 in y. We can fix C by setting this coefficient to 1. As we explained in 
the last paragraph, the symmetries observed by explicitly computing the orbits imply that Vy{x, y) 
is actually a polynomial in with a' given in Figure 4. 

In the D geometries, at this stage there is a shortcut to the final solution, reviewed in Section 5.4. 
In the exceptional cases, we continue and proceed by necessary conditions. 
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Step B 


In the solution we look for, y^'^\x) derives from a single function W{x) such that y^^\x) = 3^^[j](x) 
given by formula (5.9). If we write the Taylor expansion: 

x^O, IT(x) = ^/Tfc (5.23) 

^ k>l 

we deduce that: 

X ^ 0, y«(x) = exp (^//fc_iu;[%^odax'=) , (5.24) 

k>l 

where we introduced the discrete Fourier transform: 

a—1 

Wk^'^Ci^Wj. (5.25) 

i=o 

It turns out that many Fourier modes k € Za are zero for all vectors in the orbit of v. The set of 
non-zero Fourier modes Kx> = ^ [0) Q “ IL w[i]k 7 ^ O} is: 

. Kb, = {1,2, 3, 5}. 

. Kb, = {3,4,6,8,9,11}. 

• Kes = {1, 2, 3,4, 5, 7, 8 , 9,11,13,14,16,17,19, 21, 22, 23, 25, 26, 27, 28, 29}. 

Only the /ifc_i’s with k £ K will appear in the Puiseux expansion of y. Then, the sought-for 
polynomial takes the form: 

ry{x,y) = B{x)'[l{y-y^^\x)) (5.26) 

iei 

where the monomial prefactor B{x) is fixed by matching with the coefficient 1 of the monomial 
x*y^ in Vy By expanding the right-hand side of (5.26) when x —>• 0 using (5.24), we can express 
the coefficients of Vy in terms of a relatively small number of yk with k G Ke- Since we already 
know the Newton polygon and the symmetries of Vy, we can impose those relations at the level of 
their expression in terms of ^fc’s, which gives relations between the /r^’s and we can eliminate some 
of them. Doing so, we can express all coefficients of Vy only in terms of c and: 

• for Eq, fii and fi 2 - 

• for Ey, ys, k-5 and [Xy- 

For Fig, we could not complete this computation: it requires expanding a product of 240 factors to 
order o(x^^^), and even if this would be achieved, it is still a formidable task to eliminate /ifc’s. 

Step C 

The ramification properties of the spectral curve we seek are easily described a priori. Call d = 
degyVy the size of the orbits, i.e. the degree of x : —)> and d' = deg^-P^ be the degree of 

y : —)• P^. By construction, the number of branchcuts of the function (x) in the z-th sheet is 
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the number of non-zero components in w[i], let us call it b[i]. The ramihcation points of x : —)• 

are simple and correspond to the endpoint of the branchcuts, and since each branchcut is shared 
by two sheets, the total number of ramification points is Yliei ^[*]- Riemann-Hurwitz formula then 
gives the genus of S: 

genus(C^) = 1-d-F . (5.27) 

i&I 

For Eq, we find that has genus 5; for Ej, it has genus 46, and for Eg, it has genus 1471. We 
remark that the genus is much lower than the genus of a generic curve with same Newton polygon 
- which is the number of interior points in the Newton polygon - even if we take into account the 
symmetries. This means that the plane curve Vv{x,y) = 0 must be singular. This puts a number 
of algebraic constraints on the coefficients inside the Newton polygon of Vv Taking into account 
symmetries, we can put an upper bound on the number of independent such constraints. From 
our experience with the D and Eq case, we expect that implementing these constraints gives only 
finitely many solutions for the sequence of fik- The definition in (5.23) implies that fik = 0{X) for 
all A; > 1 when A —>■ 0 (i.e. c —>■ 1), and the //^’s must have a power series expansion in A with 
rational coefficients. We expect that this extra piece of information singles out a unique solution 
(among the finitely many) to the algebraic constraints. 

For Eq this program is completed in Section 5.5. For Ej, performing elimination in these 
algebraic constraints already seem computationally hopeless, and we could not even solve them 
perturbatively in A —)• 0. Therefore, our best result is the expression of in terms of the ^ 2 , ys, 
/is and /iy, which should be considered as unknown (algebraic) functions of c. This expression is 
given in Appendix E.2. For Eg, as we have seen, our best result is the Newton polygon and its 
boundary coefficients, given in Appendix F.2. Nonetheless, we will be able to compute the exact 
spectral curves at c = 1 in all cases (see Section 6.7). 


V (geometry) 

D2p'+2 

D2p'+3 

Ed 

Ey 

Es 

d = degj^ Vv 

2p' + l 

4(p' -h 1) 

8 

27 

240 

d' = deg,- Vv 

4p' 

4(2p' + 1) 

8 

36 

540 

a' 

p' 

2p' + l 

2 

6 

30 


Table 4; Properties of Vv{x,y). 

Let us turn to the complete and explicit results that can be obtained for D and Eq. 

5.4 Dpj ^2 geometries 

In that case, it is possible to guess a rational parametrization that has all the required properties, 
and thus gives the correct solution bypassing Steps A-B. 
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p even 


= Co — tf[0] is a minimal vector, and the other vectors in the orbit are w[£] 
£ £ [I,/? — Ij, and w\p] = thus get: 



yW 

yip) 

X —)> 0 

Cp{cxy~^^' 

-1 

X —)> oo 

C^(x/c)(-i)' 

-1 


( —1)^6^ for 


(5.28) 


The symmetries of the problem suggest to look for a parametrization of Vv{x, T) = 0 of the form: 


= "( 1 ^) 


Y(z) = - 


(2;P/2 _ + 1) 

{kzp/"^ — l )( zP /2 + k) 


(5.29) 


where we impose that z —?■ 0 correspond to x —)• 0 in the sheet oiw\p]^ and z —)• ™ the sheet 

of w[£] for £ £ [[0,p — Ij. Requiring (5.28), we must have: 


1 + 


I/C^ 


= g-A/V 


(5.30) 


It can be checked that this satisfies all the desired properties of the spectral curve (including the 
positivity constraints), and by uniqueness, this is the solution we looked for. We can also write 
this parametrization with Q = and X = x“ = x^: 


/ 

no 


e 


— 1 / 

(C - «^)« +1) 
« - i)(C + k ) 


which is now a parametrization of for p even. 


(5.31) 


p odd 

The minimal vector is u = r(;[0] = cq + Cp, and it generates the orbit consisting in w[£] = ei + 
and w[p + £] = —w[£] for 1 < ^ < p — 1, and w[2p] = w[2p + 1] = —w[2p]. 



yW 

yiv+f) 

yC^P) 

y{2p+l) 

X —> 0 

-Cipicxf 

-C2p\cx)-^ 

-1 

-1 

X —)■ oo 

-Cip{x/cf 

-C2p{xlcf 

-1 

-1 


A similar guess leads to identification of the solution of Vv{x,Y) = 0 in parametric form: 


_2 z'^Pk^ - 1 

2^2p _ 1^2 

{zP - K){tizP + 1) 
{zPk — l){zP + k) 


(5.32) 


x‘^{z) 

Y{z) 
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(5.33) 

























Matching with the required behavior for x —)• 0 or oo imposes: 


2k^+^/p 


= 1/c = 


1 + 

which defines k as a function of A identically to (5.30). The branch has to be chosen so that; 


(5.34) 


A G [0,-hco) i—y K G [1,0). 


We can also write in terms of C = and X = = x‘^^: 


/ 

m) 


(C - «^)(< +1) 
(Ck - i)(C + «^) 


which is now a parametrization of for p odd. 


(5.35) 


(5.36) 


Polynomial equation 

If we eliminate the variable C, and keep only X = x°‘ (which is equal to xP is p is even and x'^p if p 
is odd) we obtain the polynomial equation V]^^_^{X,Y) = 0 for the spectral curve. We can factor 
a monomial in V]^^^{X^Y) to put it in the form: 

(-1)^^+^ e-^/'^P{X^ + l)(y2 + 1) + XY {k^ + l)"(2P+2)Qp[(y + 1/Y){k^ + if] = 0, (5.37) 


where: 


+ 1 


(5.38) 


and Qp(^) = pP~^^ + • • • is a polynomial in p and which does not have a uniform expression for 
all p’s. It is given for p < 5 in Appendix C. These results were obtained in [BE14], where A. Weifie 
also checked that the solutions (5.29) and (5.33) match the results of Monte-Carlo simulations of 
the matrix integral (2.8) [BE14, Appendix]. 
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5.5 geometry 

After Step A, we arrive at a curve Vv{x, y) = Yl‘j=o Sfc=o depending on the yet unknown 

parameters and ^ 2 , with c = exp(A/72). 


^j,k 

0 

II 

1 

2 

3 

4 

k = 8 



* 



7 


if: 

* 

* 


6 



* 



5 

* 


* 



4 

-c-4 

-2c-2 - 4c-^/ii 

4(-l + c~^ + 4c“^/ii + 8c“'^/if + 3c“®/i2) 

* 

* 

3 

—c~^ 

2c“^/ii 

—2 + c~^ — 6c“^/ii — 4c“^/if 

* 

* 

2 


0 

2 + 12c“^/ii — 6c“®/i2 

* 


1 


C-2 

1 + 2c“^/ii 

* 


0 



1 




and the * are the coefficients obtained by central symmetry, i.e Ilj fc = = n4_j^fc. These 

expressions have been found in [BE14], and now we present a new computation. 

Given the symmetry, let us define ^ + 1/x^ and rj = y + 1/y, and eliminate x and y from 

the equation Vy{x,y) = 0. We obtain an equation Q{^,r]) = 0 defining a curve of genus 2. A 
birational transformation (^, rj) i—?• (s, t) brings in in WeierstraB form = TZ{t) with a polynomial 
of degree 5: 

TZ{t) = 12(1 — — 4c^/ii — 4^4 + 8cfj,2)t^ + 3(—4 + + 4^^ — 40c^2)i^ 

+24(c^ + 2c^i + y 2 )t^ — + iX 2 )t^ + 8c^t — . (5.39) 

Since we are looking for a singular curve, /r^’s should be such that the discriminant of TZ vanishes. 
This discriminant is a product of two factors Ai and A2 given in Appendix D.l, so that gives us 
two equations for the two unknowns and /i2) that can be solved explicitly. Among the finitely 
many solutions for (//i,/i2), there is a unique branch in which ^1 —)• 0 when c —)■ 1: that must be 
our solution. Then, yL 2 is an explicit rational function of /ri that we do not reproduce here, and 
itself is the branch of the solution of the degree 8 equation: 

256/if + 4864cVi + (-1024 + 35776c^)/if + (62112c2 + 125568c6)/if 
+(1536 - 81600c‘^ + 206064c®)/if + (45440^ - 1625760^ + 128304c^Vf 
+(-1024 + 55116c^ - 78192 c 8 + 26244ci2)//2 + (-59840^ + 10332c® - 4374c^0)/ii 

+256 - 499c^ + 243c® = 0 , 

which behaves like = —2(c — 1) + 0{c — 1)^ when c —)• 1. As a matter of fact, the solution of 
(5.40) has a rational uniformization. We choose the uniformizing parameter k such that k —)> 0 
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corresponds to c —>• 1 , and our final result reads: 


exp(A/36) = (? 




C • /U2 


(k — 6)^(k — 2)^ 

16(k — 3){k‘^ — 6k + 12)(k2 — 6k + 6)^ ’ 
k(k — 4)(k^ — 6k + 12)(k^ — 12) 

32(k-3)(k2-6k + 6) ’ 

k(k — 2)2(k — 3)(k — 4)(k — 6)^(k^ — 11k^ + 49k^ 
(k2 — 6k + 6)^(k2 — 6k + 12)2 


(5.40) 


108k + 108) 


With these values, the spectral curve match perfectly the one computed numerically from Monte- 
Carlo simulations of the matrix model (2.8) by A. Weisse (Figure 3). 



Figure 3: ( 01 , 02 , 03 ) = (2,3,3). The dots display the Monte-Carlo simulation of the eigenvalue 
distribution for N = 200 in the model (2.8), with various choices of A given in the legend. The plain 
curves display the theoretical computation ensuing from the expression of Vv{x,y) = 0 together 
with (5.40). 

Remarkably, the smooth model of the curve Vv{x,y) = 0 seen in variables {x‘^,y) has genus 1, 
i.e. it dehnes an elliptic fibration over the base parameter k G with discriminant: 

A(k) = 2®°-3^-K(K-2)(K-3)^®(K-4)(K-6)(K2-8K-M8)(K2-4K-k6)(K2-6K-F6)^'^(K2-6K-M2)3®. 

Singular hbers occur at the critical values G {0,±l,7ei/16 -|- ie 2 \/ 2 / 4 , 00 } with e* = ±1 inde¬ 
pendently. We have not found any striking feature in their Kodaira types, with are either Ji, I 2 or 
he- 
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5.6 The A —)■ 0 limit 


This regime corresponds to c —1, where the monodromy along the fibers of the fiat connection 
tends to be deterministically equal to identity under the Chern-Simons measure. This implies that 
W{x) G 0(1), and hence ^ 0 since it carries a prefactor of A. As a result the spectral curve 
becomes easy to compute: 

rv{x,y)\c=i = C{x) n (y - , (5.41) 

i&I 

i.e. T’vix,y)\c=i is directly determined by the slope polynomials of Py, with no extra data. The 
description of the orbits leads to the following results. 


Dp+ 2 , P even 


Vy(x,y)U=, = (-l)P/2+i(y + 1) . ({-x)P/^yP/^ + l)(yP/2 _ . 


(5.42) 


Dp+ 2 , P odd 


Pv{x,y)\c=i 


p-i 

(y + 1 )^ + C2pX^)(yx‘^ + C2p) 

£=0 

p—1 

(y + 1)2 . (y + x2)(yx2 + 1) • ( ^^(-1)'^ ( ^(-l)^(xy)") .(5.43) 

k=0 k=0 


Eq geometry 

Pv(x,y)\c=i = (l + y + y2) • (x + y)(l + xy) • (y^ -x)(y2x- 1 ). (5.44) 


Ej geometry 

Vvix, y)\c=i = -(l + y)(l + y2)2 • (y^-x^)(y‘^x^+ 1) ■ (x® + y^)(x®y^ -1) • (y® + x®)(x®y® -1). (5.45) 

Notice that the symmetry of the orbits implies P(x,y) = 0 V{Ci 2 X, 1/y) = 0, explaining how 
the factors come in pairs. 


Eg geometry 

Pv{x,y)\c=i 


(y + l)2(y^ — l)^(y^ — 1)^ • (y^° — x^°)(y^°x^° — 1) • (y^^ + x^°)2(y^®x^° + 1)^ 

.(yio _ ^30^2^yl0^30 _ . ^yl5 _ a;;60^^^15^60 _ . ^y6 _ x^^)(y^x^^ — 1) 

•(y® + x^^){y^x^^ + 1). 

(5.46) 


6 Computations II: the Toda curves 

6.1 The computation in practice 

Let us now construct explicitly the B-model geometries Cg°'^^ that are relevant for Conjectures 4.1 
and 4.2. Recall that we take pmin a minimal representation given in Table 3, and we denote 
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dmin = dim p miTi - The characteristic polynomial of the Lax operator (3.30) for the simple Lie group 

a, 

^min 


Vg{Y) ^det [Yl-pmm{Ll)] 

= j;(-i)^y''-‘"-"xAv(^w), 

k=0 

(6.1) 

can be regarded as a map 


Vg : Gvj - 

C[u,Y] 

(6.2) 


that factors through a map hfg upon evaluation of the antisymmetric characters ^ 

Zlxuji, ■ ■ ■, Xi^b\ ill the representation ring Rep(^). Lifting this to the co-extended affine situation 
amounts to turning on a spectral parameter as in (3.33). Concretely, we are now looking at the 
loop space with a map: 

u : Loop(ilg) ^ C[X±i], u^{X) ^ Xu^M*), (6-3) 

whose constant term is given by [X^]ui{X) = Uj. The (affine co-extended) Toda spectral curve 
(3.37) can then be computed in two steps, for each {Q, pmin): 

Step Al' compute the decomposition of the exterior characters XA'^p^in polynomials in the 
fundamental characters Xtoi 5 

Step A2' compute from (3.33) the Casimir function uq in (3.36) and the dependence of 
u{uo,... ,ur] X) = Xuii[Pmin{L^)] on the Hamiltonians Ui and the spectral parameter X. 

Evaluating the result of Step Al' on a generic group element g € G expresses the characteristic 
polynomial of Pmin(fl') as 

^min 

k=0 

^min 

= (6.4) 

k=0 

for some universal® polynomials G Z[ni,..., uh], while Step A2' amounts to plugging in the 
expression (3.33) of the Lax matrix and then expand the above in the spectral parameter, 

V^f^{X,Y;uo,...,UR) ^ det[yi-p(Lf)] 

^min 

= ^Y’^pi[MX),---,UR{X)] 

k=0 

^min ^min 

= E E y''X^pl^[uo,uu...,UR]. (6.5) 

k=0 j=—d' ■ 

min 

Here p^j denotes the result of the expansion in the spectral parameter X and 

dmin - knaxk,a=± degjfa pf. (6.6) 

®These polynomials depend implicitly on pmin, but we dropped the subscript pmin for the sake of readability. 
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The vanishing locus of G C[ui,..., ur; in C*x x Cy then returns (3.37). 


Once this is done, the naive expectation would be that, in light of the discussion of the previous 
section, all is left to do to prove Point (a) in Conjecture 4.1 is just to find a suitable restriction 
Ui ^ Ui{X) of the Toda action variables such that 

= Vg,.{X,Y;X), (6.7) 

where Vg^viX,Y-, \) = 0 is the spectral curve found in Theorem 5.1, that we call here the “naive 
LMO spectral curve”. However, this is in general too much to ask. 

First off, a rapid inspection of Tables 3 and 4 reveals that the T-degrees in (6.7) will disagree in 
general. But more importantly, the qualitative analysis of the naive LMO spectral curve Cy given 
in Section 5.1 reveals that (a) its Galois group 211' = Weyl(P') = Weyl(^') is a subgroup of the 
Galois group 2B = Weyl(^) = Weyl(22) of the Toda spectral curve (6.5) with generic parameters u, 
and (b) the branchcuts of x = X^l°‘ : C„ —?• on the irreducible components of the LMO spectral 
curve must necessarily be segments obtained from x G [ 1 / 7 , 7 ] by rotations of angle multiple to 
‘I'Kja, and the branching data of this curve is completely determined by the analysis of orbits of 
211' in Section 5.3. 

This actually suggests a way out of the conundrum: the sought-for subfamily of Toda curves 
should arise in the sub-locus of the parameter space ilg where the monodromy breaking 2? —)• P' in 
Table 2 is enforced. The simplest way to achieve this is to consider an embedding of the subgroup 
I : G' ^ Q, and the induced embedding t : T' T of the maximal torus of Q' into that of Q. 
The restriction to i(T') is cut out by homogeneous linear constraints on the Gartan subalgebra of 
Lie(^), and its image under the character map Xuj yields an affine complete intersection in 

it^. Under the action of the ^-module pmin decomposes into ^'-modules: 

= ( 6 . 8 ) 

j&J 

For u € ilg, the endomorphism Pmm{L^*) leaves stable the direct sum in (6.8), and thus the 
characteristic polynomial factors. Requiring that the latter are Laurent polynomials in X yields 
an additional constraint, i.e. u must belong to a subvariety of higher codimension in it(g g/p that 
we denote il(g,g'). In both cases {G,G') = and {Et,Eq) we will examine, will turn 

out to be a subvariety of ruled along a distinguished direction Urui- Summing up: 

Step B' Gonsider the Lie group G' associated to V as in Table 2, and the decomposition (6.8) as 
above. Restrict to u G ^{g,g') so that 

V^f^{X,Y) = ndet [Y1 - pb](Lf)] 4 llvf^,^g^{X,Y) (6.9) 

jeJ jeJ 

for Laurent polynomials 'P|ggp(X, U) G C.[X^^,Y]. 

This is the analogue of Step B on the LMO side (Section 5.3), which consists in computing Vt>^v{x, y) 
and thus V]^^{X,Y) in terms of unknowns M. = {fik)keKQ for a small set Kq. Let us denote 
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{X] Ai, X) this answer. In the following, we will check for V = Eq (resp. V = Ef) that 
with Kq = {1,2} (resp. Kq = {2,3, 5, 7}) the equality of polynomials® in {X,Y)\ 

{Y -iyV^^{X,Y-,M,X) = (6.10) 

gives an explicit isomorphism 

T: cl5°l ^ (6.11) 

This T is given in (6.37) for Eq and (6.55) for E^. We expect the same property to hold for Q = Eg 
(here, G' = Eg and ii(g^g') is just equal to iig) but this case was computationally out of reach. 

Step C' Determine the sublocus of u G ^{g,g') such that the Toda spectral curve has the ramifi¬ 
cation properties that were required for the LMO spectral curve (see Step C, Section 5.3). 
This should fix u to live in a 1-dimension variety parametrized by A. 

In all cases, just by matching the coefficients on the boundary of the Newton polygon, we find 
that uq = —l/c“, where we remind that c = exp(yorbA/2a). Therefore, is equivalently 

parametrized by (ttj(tto))^i. 

By the previous remark. Step C is strictly equivalent to the determination of {lJ-k)keKo as func¬ 
tions of A on the LMO side in Step C. Step Al'-A2'-B' and C' together give a complete derivation 
of the suitable restriction of the Toda spectral curve, if we assume and verify the qualitative prop¬ 
erties used in Step B' and C' that were dictated by the analysis of the matrix model. 

6.2 Ap_i geometries 

This is the case of lens spaces = L{p,l) already well-known in the literature, so we will only 

make a couple of passing remarks here to see how it fits with the discussion above. Steps Al' 
and A2' were performed in [Nek98, MarI3] and return^® (3.24), which is in exact agreement with 
the matrix model curve computed by Halmagyi-Yasnov [HY09] in a general flat background. This 
proves Point (a) of Conjecture 4.2 for the sphere and disk potential; the rest of Point (a) follows 
from the solution by the topological recursion method of generalized loop equations [BEOI5], which 
combined with the proof of the remodeling conjecture [EOI5] establishes Point (b) as well. The 
restriction relevant for Step B' and Conjecture 4.1 is simply uq = Uj = 0 for i G [[l,p]]: 

toric mirror symmetry shows that this amounts to setting to zero the insertion of twisted classes in 
SO that the resulting restricted A-model theory is just the untwisted Gromov-Witten 
theory of the stack [C)pi(—l)®^/(Z/pZ)]. 

6.3 Dp +2 geometries 

For p Y 2 = 4, Steps Al'-A2' in this case can be extracted from [KM15] and found to be in 
agreement with (3.26). 

®In ( 6 . 10 ), the {Y — 1 )* stands for • copies of the trivial representation appearing in ( 6 . 8 ) and thus factoring out 
in the Toda spectral curve.. 

Choosing the minimal representation pmin to be the anti-fundamental has the sole effect of redefining Uk —^ 

{—lyup-k- 
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Step Al' 

Explicitly, the Dynkin diagram of -Dp+2 is represented in Figure 4. 



Figure 4: The Dynkin diagram of ^ = Dp^ 2 - Nodes in the diagram are labeled by the respective 
fundamental weights; we have pmin — Puii = (2p + 4)y, for i < p, p^jp+i = 

P.,+, = 2^'. 


We write pmin — 2(p + 2)^ for the defining module of Spin(2(p + 2)). In this specific case, we 
can slightly bypass Step Al' by parametrizing iig using the exteriors characters e* = [A*^] e* with: 


e* 


D. 




for i £ [[l,p + 2]] . 


We have e* = hj for i < p, and 


Cp+i 

ep+2 


z2k=0 ^2fc+l 

V^p/2 - 

Ek=0^2k 

{ Y^p/2 ~ 

Z^fc=0 ^2A: 

v^p/2 ~ 

Ek=0 ^2k+l 


p even, 
p odd. 

p even, 
p odd. 


( 6 . 12 ) 


(6.13) 

(6.14) 


as a consequence of the decomposition rules of the tensor products S± 0 of the chirality ± spin 
representations associated to the fundamental weights ojp+i and a;p+2. 


Step A2' 

The Casimir function uq here reads 

^0 ^ ^i^p+\>Cp+2 xf, (6.15) 

l<i<p+l 

and the Laurent polynomials ei(A) can be computed straightforwardly from (3.33) using Newton 
identities. We have 

ei{X) = Ei, i^p,p + 2,p + A, 

ei{X) = e, + no(A + 1/A), i=p,p + 4, (6.16) 

ep+2(A) = ep+2 — 2no(A + 1/A). 
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Figure 5: The Newton polygon of the Toda curve for Q = -Dp+2j minimal representation = 
2(p + 2)^ for p + 2 = 9. 


The Newton polygon of the resulting plane curve is shown in Figure 5. In terms of exponentiated 
linear coordinates on the maximal torus the resulting curve takes the form 

2(p+2) 

XVlf^X,Y) = uo{X^ + l){Y-lf{Y + lfYP+Y{-iyeiXY\ 

P+2 

= uo(X2 + l)(y - lf{Y + ifYP + xll{Y- rj){Y - rj^), 

i=i 

(6.17) 

which is just (3.26) with uq = e“*®/^(—1)^'''^2^^’. 


Steps B' and C' 

Comparing this Toda curve with the LMO curve (5.37), we find agreement provided ri = 1 and: 


^±1 ^ '3 

^ 2(k2 + 1)2 


4(^2 + 1)"^ 


-1 


where fj are the (p + 1) roots of the polynomial Qp given in Appendix C, and: 


Uo 


= (-l)P+i 


(6.18) 


(6.19) 


6.4 Eq geometry 

The Dynkin diagram oi Q = is represented in Figure 6. We write pmin = 27 = for the 
minimal irreducible representation attached to the highest weight oji] there is another minimal 
^-module 'p^i^ = 27 = which is complex-conjugate to pmin- 
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9 

CJg 


o-o-6-o-o 

UJl UJ2 ljJ3 W4 Ws 


Figure 6: The Dynkin diagram oi Q = Eq. Nodes in the diagram are labeled by the corresponding 
fundamental weights; we have pmin — Puji = 27 = ~p^, Poj 2 = ^^Puji = 351 = p^^^ = h^p^j^ = 

2925, p^, = Adj = 78. 

Step Al' 

The fundamental representations of Eq are antisymmetric powers of pmin and Pmin with the ex¬ 
ception of pujg, which is the 78-dimensional adjoint representation. The antisymmetric characters 
• T'eq —>■ C of an element g = e^, which include the fundamental characters (Xaji(fi'))f=i) 
can be computed using the explicit representation of the Chevalley generators in the representa¬ 
tions pmin and P m^n [KM15, HRTOl]. On the other hand, the regular character Xujeid) ^ trace in 
the adjoint, which is computed straightforwardly from the root system of Eq. We must have 

XaV^i = Pfc'" [^<^1 (d),---, Xuje ( 5 )] (6.20) 

identically as functions on the Cartan torus. One possible brute-force way to compute p^® is to 
generate a finite-dimensional vector space of monomials {9)}i,j satisfying a suitable dimensional 
upper bound on xlji(l)) then evaluate (6.20) at a number of points G T equal to the dimension 
of this vector space, and then solve the linear system ensuing from (6.20). The resulting relations 
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in Rep(^) read: 

pf® = -ul - U2U5 + Ul+Ui + U^Uq, 

pf® = "“l “ 2 m|ui + 2U4U1 + U4 + ttsMg + U2- 2U3U5 +U5- U2UQ - U5UG, 

pQ^ = —ul — U 2 u\ + rti^s + 2 ri 4 tt 5 — 2 uiUgUg + u^ugUg + rtg + 2 uiU 2 — 2 u 3 + U 2 U 4 — Su^uq, 

p^® = 2u| + U5U2 — 2U5UGU2 + U 3 ul + uiul + U 4 rig — 3 uiU 3 — 2U3U4 + U4 — uIuq — uiue + u^uq, 

pg^ = U2ul — UlUQul + rtgUs + U1U2U5 — 2U3U5 — 3U2U4U5 + U3UGU5 — 2ugU5 + U5 — uf — U2u‘l 

+ U 2 U 3 + M 1 U 4 + ufue - U 2 UG + 2MiU4ri6, 

p^® = Uiul — UquI + U2ul — Auiu^ul + U2UguI — — UittgUs — AuiU^ + ^UiU3U3 + U4U3 

+ 3U4UGU3 + tig + + 2 uiu‘l + U1U2 — GU3 + Aufui — ‘iU2U4 — 3U3 Ug — 2U2U4UG + 3, 

Pin ~ "“i “ 5M4U5 + UiUquI — UquI — U\U2ul + 5U3uI — ul — 2 u\u3 + 5^4115 + U2U3 + U2U3U5 

+ Auiu^ug + u\ugU3 — 2u2UgUg — 3 U 1 U 4 UGU 3 + rtin| + 2u4ul + 2ui + u\u2 — Srtitts 

+ 2 U 1 U 2 U 4 — 5 U 3 U 4 — U 2 UG — 2 uiUg + U 1 U 3 UG — U 4 UG, 

pf® = UquI — U2ul + U1U3UI — 1X41/5 + 2nilX6ll5 — 4lX4llglX5 — 2nglX5 — 1x11x21x5 + 31x31x5 + 3U2U4U3 

— 2lXilX2lX6lX5 + 3IX3IX6IX5 — IX6IX5 + 1X11X2 + 2 u\ + 21X41X5 — 2lX2lXg + 2 iX2 — 3u\u3 + 1x21x3 
+ ix|li4 + IX1U4 — 2U1IX3IX4 — 2lxflX6 + 2 ix|iX 6 + 1X21X6) 

P^® = 2 uqUi — II4 + ix|uf — 1X41X4 — 2lX2XX5lxf — IXglXelxf + lX4lX6lxf + 3lX5liglXi + 21X21X1 — 3IX2IX3IX1 

+ IX2XX4IX5IX1 + IX5IX1 — 5lX2lX6lXl — 2li5lX6lXi + 1X2 + 1X31X5 — 1X5 — 2lXg + 31I3 — 1X3 + IX2IX4 
+ 3li|lX5 — 3IX3IX4IX5 + 21x41x5 + 1X5 IXg — lX2Xi|ll6 + 61X31X6 — 31X41X51X6, 

Pin ~ “ 2 ix|iX 4 + 21X41X4 + ix^ixf — 3lX2lxf — 2lX3lX5lif — lX5lxf — U2Ugu\ + 4lX5lX6lxf + 2IX5IX1 

+ 21x21x51x1 — 2iXgixi + 1X3IX1 — 41X2IX4IX1 + 1x21x51x1 — 41x41x51x1 — IX5IX6IX1 + 31X3IX6IX1 + 1X4IX5IX6IX1 

O O O 0 0 0 

— 1X6XX1 + 2iii + 1x2 “ 2.U2U4 + 1x31x5 + 1x21x41x5 + 1x51x6 — 31131x4 + 2 ix4 + U2IX5 — 112IX3IX5 
+ 1X2^6 ~ 2115IX6 — 21X2IX5IX6) 

(6.21) 

and p^7®_^(ixi, 1x2,1x3,1x4,1x5,1x6) = p^®(iX5,1x4,1x3,1x2,1x1,1x6). This completes Step Al'. 


Step A2' 

As for the Ilp +2 case above, the spectral parameter dependence of (iXi(X ))^^4 can be computed 
directly from (3.33) using Newton identities. In particular, we obtain 


ixx(A) — 1X2, 1^3, 

1 X 3 (X) = 1 x 3 + ixo(X +1/A), 


( 6 . 22 ) 


in terms of the Casimir function ixq ^ = xy^xix|x 3 x|x 5 >r|. The spectral parameter dependence 
of uq can be computed from the first line of (6.21): the result is 

ug{X)=ug. ( 6 . 23 ) 

In other words, the ii^6-Toda curve is computed as 

27 

0 = iPj°/"(A, T) = ^ pf [ixi, 1x2,1x3 + ixo(A + 1 /A), 1x4,1x5, 1 x 6 ] ( 6 . 24 ) 

® k=o 

The resulting Newton polygon is depicted in Figure 7. 
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Figure 7: The Newton polygon of the Toda spectral curve for and pmin = 27. 


Step B' 

In this case, we have V = while we started with E = Eq. There is an obvious embedding 

i : Td4 —t Tkg 

(Qi,Q2,Qs)Q4) '—t ( 1 ,Qi,Q2,Qs; 1 ,Q4) 

of the maximal tori, induced by the projection of the weight system of Eq onto the sublattice of 
Z® spanned by the unit lattice vectors 0 J 2 , W 3 , and uj%. Under this projection, the fundamental 


highest weight modules of Eq decompose as i 74 -modules in the following way: 

Puji = Pa ;5 = 3(1) © 8 g © 8 .^, © 8 j,, (6.25) 

Pco 2 = 7 UI = 3(1)©4(8J©4(8^)©4(8J©3(28)©56,©56^©56^, (6.26) 

= 2(1)©8(8J©8(8^)©8(8J©11(28)©35^©35^©35, 

©6(56J © 6(56^) © 6(56J © 2(160j © 2(160^) © 2(160^) © 350, (6.27) 

= 2(1)©2(8J©2(8^)©2(8J©28. (6.28) 

In particular, with (6.25): 

= (^-1)’ n «yi-ps.(L^*)]. {6-29) 

•=C,V,S 


The resulting variety ^(E6,D4) = (u o i){T') is a connected codimension zero submanifold of the 
intersection of hyperplanes ui = U 5 , U 2 = U 4 , hence it is locally ruled with respect to the X- 
dependent Casimir Urui = U 3 . The degree of the factors in Y, leaving aside the trivial abelian 
component (T — 1)^, now reproduces the structure of Y) as a product over the polynomials 

associated to the 3 minimal orbits generated by v, e[u] and £^[v\ as in (5.14). In T), the 

3 factors are polynomials in X^/'^ that differ by order 3 rotations x 1 —)> However, this Z/3Z 
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rotational symmetry is absent in (6.29) for generic values oi u € more importantly, the 

individual factors appearing in (6.29) are not guaranteed^^ to be polynomials. 

This puts two constraints that are solved simultaneously as follows. Denote 

u. ^ X8 . [lS] , = X28 [L^*] • (6.31) 

the evaluation of the D 4 -fundamental characters on the reduced Lw® seen for u G as a D 4 

group element. The following character relations in Rep(D 4 ) are easily deduced from simple tensor 
multiplication rules: 


X35. = xi.-X28-1, 

X56. = X8oX8*-X8., 

XI 6 O. = X28X8. - X 80 X 8 *, 

X350 = X8cX8vX8s - xic “ xiv “ xi,, + X28 + 2, (6.32) 

where the formulas above should be intended as having the set equality {•,*, 0 } = {c, v,s}. Also, 
A^S, = 28, A^S, = 56,, A^8, = 35* © 35o. Then, 

det [Y1 - 7^8. = Y^- U.Y^ + U^^iY^ + {U, - UM + (C/| + 

- 2U,dj-2)Y^ + iU.-UMY^ + U,diY‘'-U,Y + l, (6.33) 
and it is immediate to see that restricting to 

= C/[2] (^ 32 ^) + C/W, Us = {(sx) + , Dv = C/Pl (x) + , (6.34) 

with: 

[7l2l(a;) =x + 17o/x, X = x^ uo = U^ (6.35) 

is necessary and sufficient to attain the required cyclic symmetry with the spectral dependence 
dictated by (6.22)-(6.23). 

Comparison with the LMO spectral curve 

At this stage, we find by direct computation of the left-hand side of (6.10) with (5.14) and the 
table of coefficients at the beginning of Section 5.5 that the equality: 

y, Y;M,X), c = e^^s , (g.gg) 

^^This is an instance of the following, general problem: given a family of polynomials P € C[x,y\ depending on 

parameters u = (ui)iLi, and given an integer n > 2, determine the locus of parameters for which there exists a 
factorization 

n — 1 

P{x",y\ m) = n Q(Cn», y, u) (6.30) 

i=o 

where Q is also a polynomial in x and y. It was communicated to us by Don Zagier that there is no obvious 

strategy to solve this problem in general, but one can always try the naive approach consisting in writing down 

arbitrary coefficients for Q, expanding (6.30) and solving for the parameters (ui)iLi. For the example {Ea^DX) that 
we provided, the palindromic symmetry of the factors can be exploited to simplify a bit the derivation. 
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is realized if and only if: 


(6.37) 


f/W = -l-2c-Vi 
Uadi = 2 + 12c~‘^^i - 6 c“ V2 

Eliminating ni and /i 2 from these equations, we retrieve exactly the constraints defining C 

Hes- This is the equivalence between Step B' on the Toda side and Step B on the LMO side 
highlighted in Section 6.1. We can then insert in this parametrization the determination of /r^’s in 
terms of A (or c) performed at the end of Section 5.5. We obtain uq = —1/c® and the as 

functions of the parameter k related to c by (5.40): 


Ul 


U2 


U3 


Uq 


3k{k — 4)(k^ — 12)(k^ — 6k + 12)^ 
^ (k — 6)^(k — 2)^ 

3k(k — 4)(k^ — 6k + 12)^ /2(k) 

^ (k-6)8(k-2)8 ’ 

(k — 6)^2(k — 2)12 ’ 

2/6 (^) 

(k — 6)®(k — 2)® ’ 


(6.38) 


where /i(K) are polynomials given in Appendix D.2. 


6.5 geometry 

The Dynkin diagram oi G = Ey is represented in Figure 8. We write pmin = 56 = for the 
minimal irreducible representation attached to the highest weight ujq, which is self-dual. 

O 

CJ7 


o-o-o-o-o-o 

OJl (jJ2 ^3 CJ 4 UJq 


Figure 8: The Dynkin diagram of ^ = Ej. Nodes in the diagram are labeled here by the respective 
fundamental weights; we have that = Adj = 133, = 8645, = 365750, p^)^ = 27664, 

Puls — 1539, P(jg — Pmin — 56, Pijjrj — 912. 

Step Al' 

The computation of can be performed exactly as for the Eq case. The anti-symmetric characters 
[g) can be computed e.g. from the explicit matrix representation of the exponentiated 
Cartan matrices of p [HRTOl] via Newton identities. Also, as before, the fundamental characters 
(Xa;fe(5'))fc=i are expressed via the characters of suitable tensor powers of pmin = Puia and the 
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character of the adjoint representation 133 = Adj: 

Xw2 XA^Adj XAdj? 

Xi03 XA.'^ujq XK^ujq •> 

XcJ4 'X.A.^UJq Xcjg 1 

Xcos = - 1 - ( 6 - 39 ) 

The remaining fundamental character Xcor can be computed from the following relation in Rep(ii'7) 

Xlo-^Xu) 2 — ~{XuJ5 + ^)XuQ — XojA + XuJiXuji + XujeXsym'^uje ’ (6.40) 

where the right-hand side can be computed again using Newton identities. Once this is done, the 
relations for k £ [[ 5 , 28 ]] in Rep(S7) can be read off by specializing the identity 

XAkp^^ig) = pf'^[ui{g),...,U7{g)] (6.41) 

to a snitably large number of sample points g, and then solving for the coefficients of p^’^. We 
obtain for example that 

pf’' = -{ui-l)ui+ [-ul+Ui+U2+U5 + l)ue + U2U7, 

p®^ = -2ul + (1 - 2U5) uf + (ug - U7UG + Uj + Au2 - 2u3 + 2u 5 + 2) Ui + + U5 - U3 + 2 u5 

-I- 2 u 2 {u5 + 1) + U4UG - U4U7 - UGU7 + 1, 

P 7 ^ = U 4 (—+ ui -|- rt 2 + 2ug + 2) + (—uf -|- (2'it2 + + 3) ui + 2u2 — 2u3 + us + l) uq 

+ U7 (- 2 uf + (U2 - 2u5 + 1 ) Ui + U7 -h 3U2 - Sus) , 
pf'^ = (u3 — 2 u 5 — U6U7 + 2) uf + (2ug + U4UG — 2u7Ug + Uj + 4:U2 — 4n3 + 2ug — 2U4U7) ui 

+ U2 + 2 u\ + ttg + U5M7 + U7 — 2u3 — 3U3U5 + 3U4Ug + U4U7 — UgUgU7 + UgU7 
+ U2 (ug + U7UG + Uj - 2 u3 + 2ug) - 2u\, 


(6.42) 

The expressions up to A: = 28 are lengthy and are omitted here, but they are available upon request. 
This completes Step Al'. 

Step A2' 

As before, the spectral parameter dependence of (tij(A ))®^3 can be computed from (3.33) using 
Newton identities applied to its explicit representation in terms of 56 x 56 matrices. The same 
holds true for {ui{X))i=i ^2 and explicit 133-dimensional adjoint matrices. Finally, U 7 (X) can be 
computed from (6.40). We obtain 

Ui{X) = Ui, * 7^ 3, , . ^ 

U 3 {X) = U 3 + uo{X + l/X), 

in terms of the Casimir function Uq^ = Xq'^^X 3 x|x 3 x|x|x|x 7 . The S^-Toda curve is then com¬ 
puted as: 

56 

0 = Vlf^iX, Y) = Y, pf [^^ 1 , ^^ 2 , ^3 + uo{X + 1/A), U4, U5, U6, U 7 ] yK (6.44) 

^ fc =0 

The resulting Newton polygon is depicted in Figure 9. 
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Step B' 

Here we have V = Eq while we started with T) = Ej. The embedding of the maximal tori 
!' '■ Teq — Tey 

{Qlj Q 2 : Qs: Q 41 Q 51 Qg) ' ^ {Qlj Q2 j Qst Qij Qb: Qd) 

obtained upon projection onto the rank 6 weight sublattice generated by cui, i 7 ^ 7 gives rise to the 
following decomposition of the fundamental weight modules: 

= (1)©(27)©(^)©(78), (6.45) 

= (27) © (^) © 2(78) ©2(351)© 2(351) ©( 650) ©(1728)© (TT^)© (2925), (6.46) 
= (78) © 3(351) ©3(3M)© 2(650) ©3(1728) ©(2430) ©5(2925) ©(5824) ©(5^) 

© 3(7371) © 3(7m) © 2(17550) © 2(17550) © (34749) © 2(51975) © (70070), (6.47) 
= (27) ©(^)© 2(78)© 3(351) ©3(^)© 2(650)© (1728) ©(TT^) 

© 2(2925) ©(7371) ©(7m), (6.48) 

= (l)©2(27)©2(^)©(78)©(351)©(m)©(650), (6.49) 

= 2(1)©(27)©(^), (6.50) 

p^, = (27) ©(27) ©2(78)© (351) ©(m). (6.51) 

In particular, with (6.50): 

= iy-^?dei[Yl-p2r{Lf)]det[Yl-p^{Lf)]. (6.52) 

The variety ii(^EY,Ee) = (u ° ^)('7~0) by (6.45)-(6.51), can be parametrized as the image of the 
morphism u : Cfj —>■ Hey given by 

ui = Ui Y U 5 Y Uq 1, 

U2 = U2YU3YUiYUiU5YUiUeYU5U6YUe-l, 

U3 = -UIYU 3 U 1 YUAU 1 -U 1 -UIYU 2 Y 4 U 3 YU 2 U 4 
Y UiYU2U5YU3U5-U3YU2UGYUiUe-l, 

U 4 = U 3 U 2 Y 21/2 + 2 C /3 + U 1 U 4 + 2 U 4 + 2 C/ 1 C /5 — 2, 

U 5 = U^Ui + 2Ui Y U 2 Y U 4 Y 2 , 1 / 3 , 

= Ui Y U 3 Y 2, 

uj = U\ + U 2 Y U 4 Y U 3 Y 2U(j. (6.53) 

This is not ruled however with respect to Urui = U 3 , nor can it be expected that the factorization 
(6.52) give polynomial factors with respect to the spectral parameter X, let alone have the Z/2Z 
symmetry of (5.15). The first problem is solved as follows: introduce coordinates and t/rui 

to parametrize the maximal ruled subvariety ii(^E 7 ,Ee) ^ of w.r.t. to Urui; we are assuming 
at this stage the latter to be of dimension higher than zero, with I7rui a curvilinear coordinate in 
the distinguished ruling direction. Imposing now that the factorization of (T — 1)^ is preserved by 
shifts along Urui has the effect of restricting (6.53) to U 3 = Ui = Ui. Furthermore, the requirement 
that the functions Ui : —)> C in (6.53) have vanishing derivative along the distinguished 
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Figure 9: The Newton polygon of the periodic relativistic Toda curve for = E'f and pmin = 56. 


direction [/j-ui is satisfied upon setting, without loss of generality, U 2 = U 2 + C/rub = U 2 — C/rub 
= U 3 , Uq = Ui. Equating now the third line of (6.53) to the shifted Casimir u^-\-X + Uf)/X as it 
appears in (6.44) sets C/rui = ±i^X + uq/X with no additional constraints on ilE 7 ,E 6 ) which thus 
turns out to have dimension equal to four. Restricting to 11^7,Ee therefore attains the factorization 
(6.52), which is a fortiori polynomial in (X, X~^). The question of the Z/2Z symmetry in X is 
automatically solved by the fact that replacing 27 with 27 is tantamount to switching Ui -f-)- U 5 , 
U 2 -H- C/ 4 ; on gg) this reads C/^^j -H- —C/^^i, which is just X -f-)- —X. Restricting to 
is thus necessary and sufficient to have the factorization in polynomials of X with the desired 
(Z/2Z)-symmetry. 


Comparison with the LMO spectral curve 

By direct computation of the left-hand side of (6.10) with (5.15) and the table of coefficients given 
in Appendix E.2, we find that the equality: 






(6.54) 


i by uo 

= -l/c 

Ui = 

6 /U 2 

C3 

U 2 = 

6 /i 5 

c 6 


- 2 c® 

U 3 = 


c74 = 

12/^3 

c4 


an 

- 1 , 




-2c® - 24 c^// 2 + 24c^/i3 -I- 36c^ (^2 “ Ms) + 144c^2M3 + 12 (2/r| -|- ^ 7 ) 


+ 


- 1 . 


(6.55) 


45 


















6.6 

The Dynkin diagram oi Q = is represented in Figure 8. We write pmin — Adj = 248 = 
for the minimal irreducible representation attached to the highest weight ujj: this is the adjoint 
representation. 

9 

U!s 


o-o-o-o-o-o-o 

LJl UJ2 OJ4 LOs UJQ UJ'j 


Figure 10: The Dynkin diagram of ^ = E^. We have = 3875, = 6696000, p^^ = 

6899079264, p^^ = 146325270, = 2450240, p^^ = 30380, p^, = 248 = Adj, = 147250. 

Step Al' 

Step Al' is the hardest bit here, and the one we could not complete entirely as the size of 
the linear systems appearing in the calculation of grows uncontrollably all the way up to 
/c = 124. As a result, we do not have a closed-form expression for p^® but for the first few 
orders, and in turn we could not find an explicit expression for V^# for arbitrary values of 
uo,...,U8 . However, if we are interested in any given specific point u G Hes, and in particular 
those with integer values for ui,...,U8 , the value of p^® at that point can be easily computed 
in finite time, as follows. Let be exponential coordinates on the maximal torus coming 

from linear coordinates on Lie(H8). Then for a given group element g, Ui = Xujiid) are Laurent 
polynomials in the variables Qi, and so is XA'=(Adj)(5) latter in particular can be 

computed explicitly via Newton identities. For a given u, let Q be any root of the system of 
algebraic equations Xujiid) = u. Plugging Q into the expression of XA'=(Adj)(fi') then returns p^® 

For generic u, it is hopeless to find a manageable expression of Q above that could yield a 
closed analytic expression for p®®|^__. However, if u G Z®, a sensible thing to do is to find Q 
numerically to a good accuracy, and then plug the result into the expression of XA'“(Adj)(5') a 
Laurent polynomial in since the latter is on general grounds a polynomial in with 

integer coefficients, it follows that XA'=(Adj)(fi')lQ=Q G'L. A. reliable integer rounding of the numerics 
gives then a prediction for the exact expression of pf'®|^_^. We will provide an example of this 
procedure shortly. 

Step A2' 

The spectral parameter dependence of {ui{X))J^^ can be computed from (3.33) using Newton 
identities applied to its explicit representation in terms of 248 x 248 matrices. We obtain 

MX) = Ui, iGp,?! 

U3(A) = U8 + uo{X + l/X). 
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250 



Figure 11: The Newton polygon of the Toda spectral curve for and p = 248. 


in terms of the Casimir function Uq ^ Furthermore, a quick computa¬ 

tion of the character relations for /c = 6, 7, 8 reveals that Ui{X) = m for i = 1, 2, 8 as well. The 
Fig-Toda curve is then computed as 

248 

0 = Y-,u) = Y, Pfc® h, «2, ^^3 + no(X + 1/X), U 4 , U5, U6, U7, us] Y^. (6.57) 

® fc =0 

The polynomials p^®[ui,U 2 )U 3 -|- uq{X -|- 1 /X),U 4 ,U 5 ,U 65 U 7 ,U 8 ] at Uj = Ui, i £ [[1,8]] can be 
computed by interpolation of p^® [ui, U 2 , U 3 -|- n, n 4 , us, ug, U 7 , us] for n G [0, TJ with T big enough. 
It turns out that the interpolation stabilizes at T = 9. The resulting Newton polygon is depicted 
in Figure 11. 

Step B' 

The computational strategy of Step Al' above only allows us to compute at a fixed moduli 

_ 

point u = u, leaving only uq unrestricted. This nevertheless leaves some limited space for universal 
predictions, that are in particular relevant for comparison with . 

Firstly, as is a characteristic polynomial in the adjoint representation, we automatically 

^8 

have a factor of {Y — 1)® pulling out. Factoring out this component leaves us with a degree-240 
polynomial in Y, as expected from Table 4. Secondly, notice that T = 9 computed in Step A2' 

matches with the fact that degj^^ in the same table. Thirdly, the palindromic symmetry 

(5.17) is automatically enforced by (6.57) and the reality of prain, so that p^® = p^® 8 _^.- Fourthly, 
in view of all preceding examples, it is natural to assume that the coefficients of the monomials 
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corresponding to the vertical boundaries should depend on uq only. Setting uq = — l/c^°, we get: 
[X®] = [X“®] = _c240yi06^y J^Y + if (Y‘^ + Y^ + Y'^ + Y + if . (6.58) 

This is precisely the vertical slope polynomial of the LMO curve given in Appendix F.2. 

6.7 The LMO slice and the conifold point 

The spirit of our calculations so far has been the following: we employed the orbit analysis on the 
LMO side to enforce the Galois group reduction Q ^ Q' on as well as its compatibility 

with the affine deformation by the spectral parameter X - i.e. we imposed that the factors of 
when this reduction are polynomials in X. It is quite remarkable that such limited piece of 
data, without any detailed input from the matrix model, allowed us to establish Points (a)-(c) of 
Conjecture 4.1 - with the sole exception so far ol Q = Eg. However, it would have been desirable 
to predict the restriction Ui{\) of the Toda action variables relevant for Conjecture 4.1, based on 
considerations purely within the dual A- and B-model, instead of deriving them a posteriori from 
the comparison with the matrix model curve. 


6.7.1 Toric case 

For Q = Ap-i, a complete interpretation of the LMO restriction can be obtained from the Halmagyi- 
Yasnov solution of the Chern-Simons matrix model in a generic Chern-Simons vacuum. Let 
= [Opi (—l)®^/(Z/pZ)] be the Z/pZ fiberwise orbifold of the resolved conifold: its coarse 
moduli space is the GIT quotient arising from the stability conditions in the maximally singular 
chamber of the secondary fan of which contains [AKMV04] the t = 0 point of 

Chern-Simons theory (see Section 4). The space of marginal deformations of the A-model chiral 
ring - i.e. the degree-two Chen-Ruan cohomology of - is parametrized by linear coordi¬ 

nates t = {tB) ('Pi/p)f=i)}: here ts is dual to the Kahler class ci(C>pi(l)), and r^/p are dual to degree 
zero classes in orbifold cohomology with fermionic age-shift [Zas93] equal to one. A local analysis 
of the GKZ system around t = 0 then shows that the mirror map in the twisted sector behaves 
asymptotically as 

n/p = O , (6.59) 

for all k such that ik = p. Therefore, the LMO restriction Ui = 0, mq = —amounts 
to switching off the insertion of twisted classes, retaining only the geometric modulus 
t-Q = —21og(c) = —A/p(p -|- 1). This cuts out a 1-dimensional slice of the orbifold chamber 
of the Kahler moduli space of containing two distinguished boundary points: c = 0 

(94e(tB) = +oo), corresponding geometrically to the large radius limit point in this orbifold phase 
(that is, the decompactification (Z/pZ)\C^ x C [X^/^^]), and the point c = 1 (^b = 0) to 
the Z/pZ-orbifold of the conifold singularity. 

6.7.2 Non-toric cases 

A similar identification does not hold for Q = D,E, and we are unable to offer a poignant stringy 
interpretation of the LMO slice here. In this case dcUi{c) / 0 (Figure 12), and as a consequence 
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Figure 12: The LMO slice ttj(A) as a function of c = e^^^^ for Q = Eq. Continuous lines depict the 
prediction for the Toda Hamiltonians upon restriction to the LMO slice. Dashed lines represent 
their value on the untwisted slice, where all orbifold moduli have been turned off. It is seen that 
the two disagree away from the conifold point c = 1 . 


the LMO slice does not correspond to the slice where the twisted orbifold moduli are set to zero; 
it can also readily be seen that the limit c —>• 0 is a different limit point from the (orbifold) large 
radius point corresponding to r\C^ x C. However, there is at least one special moduli point where 
we must be able to offer a stringy prediction of the LMO curve with no input from the matrix 
model: this is the weak’t Hooft limit c —?• 1, which should correspond to the point in the extended 
Kahler moduli space corresponding to the F-orbifold of the singular conifold, ^[g]’ have 

contracted the exceptional curves on each r\C^ —)> fiber and we further blow-down the base P^. 
For this point we do have a stringy prediction for the value of uf. the Bryan-Graber form of the 
Crepant Resolution Conjecture [BG09] indeed predicts that the condition of contracting the fibers 
takes the form, in exponentiated linear coordinates Q on the Cartan torus 7~, 

Qi = exp > (6-60) 

where li is the i*’^-component of the highest root of G in the w-basis (equivalently, the dimension 
of the corresponding irreducible F-module). This sets the Toda actions Ui to the values shown in 
Table 5. As far as the Kahler modulus of the base P^ is concerned, this is related to the Casimir 
as uq = —hence uq = —1 is the conifold limit. The conifold B-model curves can then 
be computed for G = Ap_i, Dp_|_ 2 , Kg, £^7 simply by restriction of the results of Section 6 . 2 - 6 .5 to 
uo = —1. Furthermore, since we are sitting at a specific point in the moduli space as per Table 5, 
we can fully compute the conifold Toda spectral curve for G = Eg upon employing the methods of 
Section 6 . 6 . The results are given in the third column of Table 5 below. 

As far as the LMO matrix model is concerned, the small’t Hooft limit is the A —)• 0 limit, for 
which the large N spectral curve can be fully determined as we have seen in Section 5.6. Using 
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G 

character values 

= 0 

Ap—i 

o' 

II 

II 

A -h YP'X-^ = YP + l 

D4 

e = (0,-2, 0,2) 

A-h = {Y'^ + Y-'-^) 

Dp+2 

e = (0,(-l)P+i2,0,(-l)P,0,...,0) 

A + A-^ = {YP + Y-P) 

Eq 

u = (0,0, 3,0,0,-2) 

(t 3 i)^ (X - y3) (^XY^ - l) (A -h y®) (AT® -h 1) = 0 

El 

u = (-2,3,-3,0,1,0,0) 

(A + 1)^(A‘^ + 1)4(A4 + y)(A® + Y)^ + Y) 

(A^y i)(A®y i)(Ai2y -h 1) = 0 

Es 

u = (1,3,0,3,-3, 3,-2,-2) 

(y + 1)2 (Y"^ + Y + lY {Y^ + Y^ + Y^ + Y + if 
(A + y®) (Ay® +1) (A - y®) (Ay® -1) (a - Y^^f 

(AylO _ 1)2 (^2 _ yl5) (y + yl5)2 + 1)2 

(A2yi® _ 1) (y _ y30) (yyso _ i) (y _ i^s ^ g 


Table 5: The values of the B-model moduli at the T-orbifold of the conifold point and the corre¬ 
sponding spectral curves. It corresponds to uq = —1. Here, are the regular fundamental 

characters (for Q = A,E), and are the antisymmetric characters of the defining representa¬ 

tion (for Q = A, D). 

the definition of in terms of Vy given in Section 5.3, we find exact agreement between 

(5.42)-(5.46) and the Toda spectral curves in Table 5. 

7 Outlook 

We would like to point out a few directions that our findings suggest to explore in relation with 
existing works. 

The full GOV correspondence 

Perhaps the most immediate question is how to extend the LMO/topological strings corre¬ 
spondence of this paper to the full Chern-Simons partition function, so as to give a proof of 
at least the B-side of the general Conjecture 4.2. For the string side, the relevant family of 
spectral curves was constructed in Section 6; the only missing ingredient is the full Hg-curve, 
whose computation is currently under way [Bril5]. Most of the burden of the comparison is 
borne by the matrix model side; a good starting point here should be given by the large N 
analysis of the matrix integral expression of [Mar04, BT13]. Establishing an explicit solution of 
the loop equations for this matrix model in terms of the topological recursion applied on the 
corresponding Toda spectral curve would give a full proof of the B-side of the GOV correspondence. 


Implications for GW theory 

The A-side of the correspondence requires substantially more work. While it should be feasible to 
derive explicit all-genus results e.g. by degeneration techniques [BG08], one should probably work 
harder to see the Toda spectral setup and the topological recursion emerge. Perhaps the best route 
to follow here will hinge on deriving the S- and i?-calibrations of the quantum cohomology of 
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emerge from the steepest descent asymptotics of the Toda spectral data, as in [BCR13] , and then 
retrieve the topological recursion from Givental’s i?-action on the associated cohomological field 
theory [DBOSS14]. This would lead to a proof of the remodeling conjecture beyond the toric case. 
Along the way it would be interesting to prove a gluing property of ADE invariants analogous to 
the one enjoyed by the topological vertex. A thorough study of mirror symmetry for the case at 
hand in the limit mq oo will appear in [Bril 5], where the implications for the Crepant Resolution 
Conjecture will be explored in detail. 

Implications for gauge theory 

The topological recursion method applied to the Toda curves gives us a glimpse of one slice of 
the ri-background for the associated gauge theory - namely, the one with ei = — 62. It would be 
very interesting to investigate how the study of the stationary states of their quantized version " 
which is itself an open problem beyond the A- case - is related to the twisted superpotential of the 
gauge theory in the Nekrasov-Shatashvili limit, 62 = 0. Our construction of Section 6 should also 
embody the solution to the associated AT-theoretic instanton counting problem [GNY09] for the A- 
and T>-series; it is natural to imagine, for example, that the extrapolation of the blow-up equation of 
[GNY09] to exceptional root systems will be solved by the Eynard-Orantin/Nekrasov-Shatashvili 
free energies of our B-model setup in the respective limits. 

Seifert matrix model and DAHA? 

Our results suggests that there should exist observables in the finite N Seifert matrix model - 
expressible, moreover, in terms of fiber knot invariants in a spherical Seifert manifold - providing 
a basis of solutions for the matrix g-difference equation 'I>(qX) = /9min(T£’^(A))T(A). Then, 
Proposition 1.1 would be the manifestation of this equation in the h = Inq —)■ 0 limit. However, a 
point of caution must be raised, as here we are considering only the contribution of the trivial flat 
connection. Therefore, we rather expect g-difference equations related to affine Toda to be found 
for observables in the Seifert matrix model with discrete eigenvalues - as opposed to the matrix 
integral considered here, where the eigenvalues are integrated over the real Cartan subalgebra of 
SU (N). It is likely that the difference between the continuous and the discrete model has no impact 
on the large N limit. 

Etingof, Gorsky and Losev established in [ELG15, Corollary 1.5] an expression for the colored 
HOMELY polynomial of (p, q) torus knots in in terms of characters of the rational double affine 
Hecke algebra (DAHA) of type Ap_i, which are also related to characters of equivariant D-modules 
on the nilpotent cone of SL(p). A similar relation for the categorification of the HOMELY of torus 
knots was also conjectured in [GORS14], and proved in the uncategorified case. From the present 
work, we are tempted to think that D and E version (instead of Ap_i) of these results should be 
expressed in terms of fiber knot invariants in the D and E Seifert geometries. Even independently 
of the knot theory interpretation, establishing that certain observables in Seifert matrix model 
satisfy exact (for finite N) and explicit g-difference equations produced by DAHA of type D and 
E would be extremely interesting. 
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3d-3d correspondence 


From the point of view of the 3d — 3d correspondence [DGG14], Chern-Simons theory on with 
simply-laced gauge group exp(g) is dual to a 3d gauge theory Tg[M^] on X^: they simultaneously 
appear in compactification of the (2,0) 6d SGFT with Lie algebra g on x X^. The moduli 
space of classical vacua for Tsu[L{p, 1)] on x is related to the Bethe states in the N particle 
sector of the XXZ integrable spin chain on p sites [GP15]. One can wonder if a direct and thorough 
relation can be found between the theories T 3 ((S'") for F of type D and E, and the classical 
Toda integrable system, e.g. via spectral dualities in integrable systems. 


A TT^ and Hi of Seifert spaces 

The fundamental group is [SeiSO]: 

cohf’ = 1 , \ 

h] = 1, m e [I, rj \ , (A.l) 

Cq * * * Cf — 1 ■ > 

where h is the generator of a regular fiber, and ci,..., project to loops around the orbifold points 
in the base Denoting S this orbifold S^, its orbifold fundamental group: 

r 

TTT^{Y) = (ci,...,Cr I =... = C =llcm = l) (A.2) 

m=l 

fits in the exact sequence: 

Z^7ri(M3) ^ ^ 1 , (A.3) 

where i(Z) is the central subgroup generated by h. One can show that 7 ri(M^) is finite iff Xorb > 0 
and a ^ 0, which we now assume. Combining the relations in 7 ri(M^), one can show that = 1, 
but it can happen that the order of h is smaller than a\a\. The complete description of the 
finite fundamental groups appearing here was derived in [Mil57, Orl72] (see also [TZ08] where 
three misprints of the final list of [Orl72] were corrected), and is summarized below. By Hurewicz 
theorem, the abelianization of 7 ri(M^) gives F7i(M^;Z). 

The conditions Xorb > 0 and cr / 0 are satisfied only for r = 1,2 (lens spaces), and for r = 3 
with the orders of exceptional fibers among (2, 2,p), (2,3, 3), (2,3,4) or (2, 3, 5). We introduce the 
binary polyhedral groups: 

• Q, 4 p the binary dihedral group of order Ap (abelianization Z/4Z if p is odd, if p is 

even), 

• P 24 for the symmetry group of the tetrahedron (abelianization Z/3Z), 

• P 48 for that of the octahedron (abelianization Z/2Z), 

• P120 that of the icosahedron (trivial abelianization). 
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Introduce also the groups: 

B 2 '=.( 2 fc'+i) = {x,y I x‘^'° =xyx~^y = l) 

~ (Z/(2A:' + 1)Z) X (Z/2^Z), 

Pgfc.g = {x,y,z I x'^ = {xyf = y^ = zxz~^y~^ = zyz~^x~^y~^ = = l) 

~ Q8x(Z/3'^Z), 

and for the latter we have Pg.g ~ P 24 . Their abelianizations are: 

[B 2 fe.( 2 A;'+l)]ab = Z/2^Z, [Pgfe.gjab = Z/3^Z . (A.4) 

(2,2,p)— 7 r°''*’(S) = Q 4 p. Denote s = p\cr\. If s is odd, then 7 ri(M^) is the direct product 
{'Ll sTj) X Q 4 p. If s is even, then p is odd and 4 divides s; decompose s = 2^+^s' with s' odd; then 
7 ri(M^) is a non-trivial central extension of Q 4 p, namely {Ljs'L) x B 2 fc+ 3 .p. 

(2.3.3) — 7 r“'’(S) = P 24 . Denote s = a|cr|, and decompose s = 3*'“^s' with s' coprime to 3. If 
k = 1, then 62 = ^3 = I, s is coprime with 6 and 7 ri(M^) is the direct product {LjsL) x P 24 . If 
k > 2, then ( 62 , 63 ) = ( 1 , 2 ), s' is coprime to 6 , and tti{M^) is rather a non-trivial central extension 
of P 24 , namely {Ljs'L) x Pg.gfe- 

(2.3.4) — 7 r°''^(S) = P 4 g, a = 12, and 7 ri(M^) is the direct product (Z/12|fT|Z) x P 48 . 

(2.3.5) — 7 r“'’(S) = P 12 O) CL = 30, and 7 ri(M^) is the direct product (Z/30 |it|Z) x Pi 2 o- In 
particular, for h = —1, 61 = 62 = ^3 = 1, we obtain 30(T = 1, thus 7 ri(M^) = P 120 and Hi{M,L) = 0. 
This is the Poincare sphere, i.e the unique integer homology sphere with finite fundamental group. 

In all cases, the order of Hi{M^,L) is (0™=! ®m)|< 7 |. 

B Group actions on 

It is known that all groups acting smoothly and freely on act (up to diffeomorphism) as subgroups 
of SO(4,M), see e.g. the account in [Zimll], We now review elementary facts to explain the 
classification of finite subgroups of SO(4, M). Consider as the unit sphere of the quaternions. 
Thus it forms a Lie group: 


~ Sp(l,]HI) ~ 

SU(2,C) ~ Spin(3,M). 

(B.l) 

We have a degree 2 covering of Lie groups: 



$ : SU(2,C) 

^ SO(3,M) 

(B.2) 


q I—>• (x I—)• qxq ^) 

where in the right-hand side, we consider the linear map restricted to the set of purely imaginary 
quaternions (it is stable by conjugation since it is the subset of El orthogonal to 1). The squared 
norm of a quaternion is det(g), so the conjugation by q is an isometry of the 3-space. Since SU(2, C) 
is connected, this isometry always preserve orientation. Since elements of SO(3,M) are a fortiori 
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angle-preserving isomorphism of the sphere, they determine elements of the automorphism group 
of the Riemann sphere i.e. we have a group homomorphism: 

Tp : SO(3,M) ^PSL(2,C). (B.3) 

This is more easily understood starting directly from SU(2, C), since we have the canonical degree 
2 covering of Lie groups: 


T : SU(2, C) ^ PSU(2, C) C PSL(2, C), (B.4) 

which factors T = ?/) o 4>. It is not difficult to see that any finite subgroup of PSL(2, C) must 
be conjugated to a finite subgroup of PSU(2,C). There are 3 ways to describe elements in those 
groups. First, as rotations in of angle 9 around the unit vector x: 


a —b 
b a 


R{v) = cos9v -|- (1 — cos9)(x- v)x -I- sin0x x v 
where x is the vector product. Second, as 2 x 2 unitary matrices up to a sign: 

A = = cos(0/2)l -|- isin(0/2)x • a = 

where a is the vector of Pauli matrices: 

■n = (j J), <^2 = 

Third, as Mobius transformations: 


0 -i 
i 0 


0-3 = 


1 0 
0 -1 




az — b 


(B.5) 


(B. 6 ) 


(B.7) 


(B. 8 ) 


bz + a 

These 3 descriptions complement each other. 

Then, SU(2,C) acts by right and left multiplications on (which are isometries on S^). As a 
matter of fact, we have a degree 2 covering of Lie groups: 


4>4 : SU(2,C) X SU(2,C) 
(91,92) 


SO(4) 

{x ^ qixq 2 ^) 


(B.9) 


which shows that Spin(4, M) ~ x S^. Therefore, the (finite) subgroups of SO(4) are of the form 
<I> 4 (Gi X G 2 ) where Gi,G 2 are (finite) subgroups of SU(2,C). 

By the spin covering (B.2), the finite subgroups of SU(2,C) are either cyclic or obtained by 
adding the matrix —1 to a finite subgroup of PSL(2, C). The finite subgroups of PSL(2, C) are the 
polyhedral groups. Their extension in SU(2,C) are the binary polyhedral groups. Let us give the 
3 descriptions of generators for those groups. 


• Element r^, order p: 


/ e2i^/p Q \ 

V 0 e-2Wp J ■ 


(B.IO) 


‘h(rp) is the rotation of angle An/p around 63 (beware of the factor 2), and 'l'(rp) is the Mobius 
transformation z i—>■ 
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• Element i, order 2: 



is the symmetry of axis ei, and 'h(t) is the inversion z i—)• Ijz. 


(B.ll) 


• Element j of order 3: 



1 +i 1 -i\ 

-1-i 1-i y■ 


(B.12) 


‘h(j) is the rotation of angle 27r/3 around the vector ^(—61 + 62 + 63 ), and 'h(j) is the Mobius 
transformation z 1 —)• i^i4. 


• Element k, order 2: 


, /c = 2 cos(27r/5). (B.13) 

and $(«) is the Mobius transformation z 1 —)• 


Z/pZ is generated by r^; Q4p is generated by 
r2p and i; P24 is generated by va and j; P48 is generated by rg and j; P120 is generated by r4, j and 

K. 

Classifying the Seifert spaces that are finite quotients of the 3-sphere amounts to classifying the 
pairs of binary polyhedral groups (Gi,G 2 ) such that <^ 4(^1 x G 2 ) acts freely on in (B.9). Up 
to isomorphism, this is the list given in Appendix A. 

Notice that the action of SU(2) by left or right multiplication preserves the symplectic form 


= -1) 

<!>(«) is the symmetry of axis 

z-^k 
kz—1 * 

Coming back to the list of binary polyhedral groups: 


uo = i ^dtco A dtCQ -|- dw A drcj (B.14) 

on Mat(2,C) = {tco -|- itc • cf, wo,w G C x C^}. It can be checked by direct computation, using 

(cos(0/2)l -|- i sin(0/2)x • a){wo -|- iti; • (?) = Wq -|- iw' ■ a with 

w'q = cos{9/ 2 )wq — su\{9/2)x ■ w, 

w' = cos{9/2)w + s\n{9 /2 )wqx — s\n{9/2)x X w, (B.15) 

for a unit vector x, and the properties of the vector product: 

d(x • w) A d(x • w) -k (dx x w) A(dx x w*) = dw A dtc*. (B.16) 


Therefore, P C SU(2) acts by symplectomorphisms on the six-fold considered in Section 3.4. 


C Dpj^2 geometry: LMO spectral curve 

For all p > 2, it takes the form (5.37): 

(-1)P+^ + l)(y + 1)2 + XY (k 2 + l)-(2p+2) y 1/Y){k^ + 1)2] = 0, (C.l) 
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with 




(C.2) 


Qp is a monic polynomial of degree p + 1. For p < 5, it reads: 

Q2{v) = r]^ + 2(k^ + 6k^ — 2>)rf' — A{k^ — 4k® + 2k^ + 12k^ — 3)r/ 

— 8 (k^ + 1 )^(k® + 14k^ — 8k^ + 1 ), 

Qsiv) = + 8 ( 2 k^ — l)rj^ — 8 (k® — 4k"^ + 12 k^ — 3)??^ — 32(2k^® + 3k® + 8 k® + 4k^ — 6 k^ + l)r/ 

+16(k^ + 1 )^(k^ — 1 )(k‘^ — 4k^ + 1 )(k® + 3k^ + 5k^ — 1 ), 

24 ( 7 ,) = - 2(k^ - IOk^ + 5)r/^ - 8 (k® + 4k® - 12k‘^ + 20k2 - 5 ) 77 ® 

+16(k^^ — 6 k^® — 11 k® — 8 k® — 33k^ + 30k^ — b)rf‘ 

+16(k^® + 8 k^^ — 8 k^^ — 24k^® + 64k‘^ — 30k® + 56k® — 40k^ + 6)77 

-32(k2 + 1)2(k16 _ 4^14 _ 4^12 _ 4^10 _ ;^q ^8 _ 44^6 44^4 _ ^^ 2^2 + 1 ) , 

— ff — 4(k^ — 6k2 + 3 ) 77 ® — 4(k® + 20k® — 46k^ + 60k2 — 15)7/^ 

+ 32 (k ^2 _ 2^10 - 15k® + 12k® - 41k^ + 30k2 - 5 ) 77 ® 

-16(k^® - 24k1'^ + 4k 12 40^10 g^8 24 k® - 236k^ + 120k2 - 15)7/2 

-64(k20 + 2 k^® - 17k^® - 24k1^ - 30k^2 _ 52^10 _ 93^8 g ^6 77^4 _ 39^2 3 )^ 

+64(k2 + 1)2(k 2 _ i)(/-8 _ 2 k® + 2k^ — 6k2 + 1)(k^® — 3k® — 12k® — 8k^ + 7k? — 1). 

At c = 0, i.e. K = 0, we always have Qp{'r])\K=o = [i] ~ At c = 1, i.e. k = 1, the roots of 

those polynomials are: 


p = 2 - 2,±\/2 

p = 3 0,2,±V3 



where e* = ± 1 . 


D Eq geometry 

D.l LMO side: discriminant of E in (5.39) 


The discriminant has two factors: 


Ai = -32 + 27 c2 + 68 c^ + IGOpj + 32^ - 32/if - 144/i| - 256/i| - 128/if 

+31c^® — 36c® — 58c® + 408c^/ii — 408c/i2 — 864c/i2 — Idd/i^/rf — 288/i2/ii 
-1296c2/i2 - 432 cVi + 372c®/i 2 - - 396Efi2 + 1832c®/if 

+432c®/ii + 3104cVi + 1404c^/if + 1776cVf - 1440cVi + 648c/ii/i2 
—3240c®/ii/i 2 — 5136c®/i 2 /if + 3888c^/if/ii + 576c/if/i2 + 2688c®/ii/i 2 
-480c/if/i2 + 432c®/i 2 - 440c®/ii - 1392c^/if , 

A 2 = 32 + 27c2 - 68 c'^ - 160/if + 32/ii - 32/if - 144/if + 256/if - 128/if + 31ci® 
+36c® — 58c® — 408c2/ii + 408c/i2 — 864c/i2 — 144/if/if + 288/if/ii 
+1296cVi - 432 cVi + 372c®/i 2 - - 396cV2 + 1832c®/if + 432c®/ii 

+3104c^/if + 1404c^/if + 1776c2/if + + 648c/ii/i2 - 3240c®/ii/i 2 

—5136c®/i 2 /if + 3888c^/if/ii — 576c/if/i2 — 2688c®/ii/i 2 — 480c/if/i2 
-432c®/i 2 + 440c®/ii + 1392c^/if . 


56 





D. 2 Toda side: the polynomials fi^n) in (6.38) 

/2(k) = 248832 - 912384k + 1119744^2 - 617472k3 + 115584k^ + 43776^^ - 32096^6 + 8704k^ 
-1260k®+ 96k9-3k^°, 

/3(k) = 26748301344768 - 231818611654656k + 922816396394496k2 - 2265845304655872k® 
+3881228059017216k^ - 4961293921419264k® + 4932729950699520k® 
-3918448994549760k^ + 2531494971703296k® - 1345368215715840k9 
+592090245808128k10 - 216319699795968k1® + 65493454344192k^2 
-16315792478208k^® + 3293224915968k1'^ - 521639046144k1® + 60092669952k1® 
-3803240448k1^ - 196007424k1® + 88858368k^® - 12725856k2® + 1122176k21 
-64176k22 + 2208k2® - 35k2^ . 

/6(k) = -2985984 + 13436928k - 24758784k2 + 26085888k® - 17843328k^ + 8404992k® 
-2802048k® + 667008k’^ - 112752k® + 13248k^ - 1032k^® + 48k1® - k®^ . 

E E^ geometry 

E. l LMO side: minimal orbit 

The orbit consists of 27 12-dimensional vectors with entries —1,0,1. If w is in the orbit, so does 
—e{w) = (—tCj+i mod a)j- Below we give an element of {±rc, —e{'w),e'^{w),...} that has uq^w) = 
X)fcLo > 0, and indicate the size I of this sub-orbit. We encode the vectors in w^(t) = X)fcLo 


no 

1 

w{t) 

±3 

4 

1 -k + t® 

±2 

6 

+ t^ + f + t^ 

±1 

12 


0 

4 

_1 + ^3 _ ^4 ^ ^7 _ ^8 + ^11 

0 

1 



E.2 LMO spectral curve in terms of /Xfc’s 

We find Vv{x,y) = Yfj=oEl=o^j,k with the symmetries = (-l)-^+^ne_j^fc = 

All non-zero coefficients are deduced by symmetry from the following list, and 
depend on the 4 parameters /X 2 , ^ 3 , ^5 and fir which are unknown functions of c: 
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Ho,11 = no,12 = —C 

no,13 = -2c-i8 

ni,5 = ni,6 = —c~^^ 

ni,7 = -2C-12 

ni,8 = -3c“^®(c^ + 6^2) 

ni,9 = + 18c/U2 + 24/U3) 

Hi,10 = -2c“^®(c^ + 15 c/U 2 + 6/U3) 

ni,ii = -6c~^^(5c^/ii2 + 6 c^/j, 3 - fj.5) 

Hi,12 = c~^^(c^ - 12c^fi2 - 36 /j ,2 - 36 c^/U 3 4-I8/U5) 

Hi,13 = -c“^®(c® + 12 c^^2 + 36/U2 - 12c^^3 + I2//5) 

n2,2 = -C-® 

n2,3 = 0 

n2,4 = c~^°(-c^ + 6cfi2 + 12/13) 

n2,5 = -12c~^^(c^fl2 - C^IJ.3 + /I5) 

n2,6 = 2c“^^(c^ + 6/12)(c^ - 3 c/12 - 6/13) 

112.7 = -6c“^^(c^/l2 - 6 c^/U3 - 24 c/U 2M3 + 16/u| + c^(-12/l| + 8/15) - 4/17) 

112.8 = 3c“^® (c® + 72/6| - 20c^/i3 + 12c^(/i| + /15) + c(40/i| - 4/17)) 

n2,9 = + 6/12) (c’^ + 12 c ^/62 - 24 c^/l 3 + 72/12/13 + 36 c(- 2 /i 2 + /15)) 

n2,io = -6c“^'^(3c®/i2 + 4c^/i3 - 24 c"^/i 2 /i 3 + 12 c®( 2 /i| -/15) + 24 c/i 3 ( 3 /i 2 -/15) 
+ 36 c^(/i 2 + 2/12/15) + 8c^(2/i| + /17) - 12/12(2/i| + /17)) 
n2,ii = c “^®(3 + + 24 c®/i 2 - 60 c®/i 3 - 432 c^/i 2 /i 3 + 36/I5 - 432 c^/i 3 ( 2 /i| +/15) 

+c®(- 36 /ii + 48/15) + 72 c 3 ( 9 /ii + 2/12/15) + 12 c 4(34/ i | - /17)) 
- 144 c/i 2 ( 2 /i| + /17)) 

n2,i2 = —3c“^®( — 1 + + 8c®/i2 — 144c^/i2 — 24c®/i3 — 48c^/i2/i3 + 144c^/i| 

+36/i| + 12c®(2/i| + /15) - 144c2/i3(2/i| + /15)) 
n2,i3 = 2c“^®(3 - + 3c®/12 + 24c®/13 + 72c^/l2/l3 + 6c®(15/i2 - 8/15) 

-72c^/i3/i5 + 36/i| - 36c^(9/i2 - /12/15) + 24c^(2/i| + /17) 

+36c/i2(2/i| + /17)) 

113,0 = 1 

n3,i = 1 + 6c“3/i2 

113.2 = 2 + 6c“^/i2 - 12c“"^/i3 + 6c“®/i5 

113.3 = 2c“®(c® + 12c^/i2 - 12c^/i3 - 72c/i2/i3 - 18c2(/i2 - /15) - 6(2/i| + /17)) 

n3,4 = 6c“^°(4c’^/l2 + 2c®/l3 - 24c^/l2/l3 - 24c^/l3 + I8C/I2/I5 + I2/I3/I5 

+c^(12/i| +/15)) 

n3,5 = 2 c“^^ (1 + 15 c®/i2 — 6c®/13 — 288 c®/i 2 /i 3 + 24 c®/15 + 252 c®/i 2 /i 5 
+ 108 c®/i 3 /i 5 - I8/I5 + 72 c/i 2 ( 4 /i§ - /17) - 12c^(8/i3 + /17)) 
n3,6 = c“^®( — 3 c^® + 30 c^®/i 2 + 84 c®/13 — 864 c®/12/13 — 216 c®/i3(6/i| — 5/15) 
-432/12/13/15 - 36 c^(/i| + /15) - 36 c"‘( 24 /i| - 3I/12/15) 

—432c®/i2/i7 + 12c®(—82/I3 + /17) 

+c(2 + 864/13 — 648/12/15 + 36/i| — 432/13/17)) 
n3,7 = —c“^^(3c^^ + 12c^^/i2 — 72c^®/i3 + 360c’^/i2/i3 + 864c®/i| 

+72c^/i3(18/i2 - 19/15) + 864c/i2/i3(6/i2 + /15) + 12c®(6/i| + 6/15) 
+36c®(6/i| - 7/12/15) - 216c®/i2(6/i3 - /17) 

+4c^(—1 + 324/i| — 288/1® + 126/i| + 72/13/17) 

+144(/i5(4/i| - /17) + 3/ii(2/i| + /17))) 
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n 3,8 = - 3 c-i 5 + 4 c^V 2 - 288 cV 2 - 20 ciVs - 168cV3/i5 

+288c^/U2M3(9^2 + 2 ^ 5 ) + c®(-36;U2 + 38 /U 5 ) + 4c’^(26/u| - 5;U7) 

-48c^;U2(8//3 + ^ 7 ) + 12 /U 2(-1 + 48/u| + 36^^2^J‘5 - 18/^i + 

+c ^(—2 + 432^2 ~ 384;U3 — 648/uV5 + 36/u| + 96;U3^7) 

+24c(;U5(10^| - Mt) + 12 ^ 2 ( 14^3 + ^ 7 ))) 

113,9 = c“^®( — 3 c^® — 78c^^/i2 + 36 c^^//3 + 1296 c^// 2 /t 63 — 432c^^2/^3(24^2 “ IS/^s) 

+18c^°(2^| - S/zs) - 144 c®^ 3(3/U2 - S^s) + 108c’^(4//| - 9 ;U 2 /U 5 ) 

-432c®iU2(10/u| - /U 7 ) + 36c®(-2/i| + ^^ 7 ) 

+36c^ 2(1 + 216/i| — I 92//3 — 216/iV5 + 30//| — 96 // 3 /U 7 ) 

-2c^(-l + 2592/i| - 720^1 - 3456;uV5 + 594/x| + 72;U3;U7) 

-48(12;u| + //3(-l + 54^V5 “ 18//|) + 12/iV7 + 3 /U 7 ) 

-864c2V5(2^3 - M7) + 3 ^ 2 ( 6 ^! + ^ 7 ))) 

Ha ,10 = -2c-iV39c^V2 + 72ciV3 - 648c^V2M3-72cV3(9^i-20;U5) 

-1296c"^//2/^3M5 - 6 c^^( 3//2 + Vs) - 54c®(4/i| - 13 // 27 t 5 ) 

—6c^^ 2(5 + 648//| — 108^V5 “ 54//|) — 12c;U3(l + 648^1 
—540^V5 “ I 8 // 5 ) + 216 c®// 2 ( 2 /U 3 — jj-j) + 6c®(—190^3 + ^ 7 ) 

+216/i2/^5(2/u| + fij) + 2c®(—1 + 648//| + 936//3 + 324^^5 
-270^1 - 180^3/^7) - 216 c3 V 5 ( 6 //| - ^ 7 ) + 2/i|(14/i| + ^ 7 ))) 

113.11 = -6c“^®(14c^®^2 + 26c^^^3 - 288c^V 2M3 - 108c®;U3(8/i2 - S/Us)- 

1296c^;U 2^3(V| “ /^s) - 19c^^/i5 + c®(-72;u| + 264//2/tt5) 

- 12 c^;U 3(1 + 216/i| + 72filiJ,5 + 6 /x|) + 2(//5 + 18/u|) 

-144c;U2(3//i - ^5)(2^i + /U 7 ) - 48J^2(/ui + 2/i7) 

+ci°(-400//i + 4 ^ 7 ) + 2cV 2(-5 + 648|u| - 720^^ - 324/iV5 

— 162^5 — 360 ^ 3 ^ 7 ) — 12c®(108^| — 48//3 — 99//V5 + 8 /u| 

+I 2 // 3 M 7 ) - 36c^ V 5 ( 10 ;U§ - 1 U 7 ) + 4(u|(22^§ + 6 ^ 7 ))) 

113.12 = — 84c^^^2 — 180c^^;U3 + 1368c^V 2M3 + 144c®;U3(21^2 “ 31^5) 

+864c®/X2/X3(33;U2 “ 4 // 5 ) + c^^(- 288;U2 + 198;U5) - 72c®(9//| + 20 /i 2 /U 5 ) 
+36V5(-1 + 6 //i) + Mi (2 + 36^i)) + 96ci0(25^i - fij) 

+216c^|U2(2/73 + /U 7 ) - 2592c/X2(/i2 “ /^ 5 )( 2//3 + /U 7 ) 

—24c^;U 2(—1 + 972/i| — 432//! — 864^^5 + 306/^5 — 216;U3^7) 

+2c®(-l + 8424//I - 864^1 - 4968^^5 + 1386/ii + 864//3/i7) 

+72c^(24^| + |U3(1 — 648;U2 + 360;uV5 “ 18;u|) + 24;uV7 + 6 /iy) 

+432c^( - /U5(4 /u| + 5 ^ 7 ) + ^i(66//| + 9 ^ 7 ))) 
n3,i3 = - 96 c^V3 - 288c^V2^3 + 864c®//2//3(6/u| - 7//5) 

- 1296c®//3(3;U2 + Ms) + c^^(-36/i| + GO/xs) - 36c®(24;u| - 5 /X 2 M 5 ) 

—24c^;U 3(1 + 1944;U2 “ 432/xV5 + I 26 /U 5 ) + 24(^5 + 18^1 
+fil{3 - 162/x|)) + 288cV2(10^i - nj) + 12c^°(118/xi - ^ 7 ) 

—432c;U 2(12^2 + M5)(2M3 + M7) “ 24c®;U2(—1 + 648/X2 — 288 /X 3 
—486^V5 “ 144^3/i7) + 2c®(l + 3240/u| — 2448^X3 + 324^^5 
-126^1 + 72 /X 3 /X 7 ) + 144c^ (6^1(22^1 - ;U 7 ) + /X5(50/x| + ^ 7 ))) 

F Es geometry 

F.l LMO side: minimal orbit 

The orbit consists of 240 30-dimensional vectors with entries —2, —1,0,1, 2. If w is in the orbit, so 
does —w and its shift e{w) = (xcj+i mod a)j- Below we give an element of {±xc, ±e(xc),...} that has 
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wq 0 and no{w) > 0, and indicate the size I of this sub-orbit. The vectors are compactly encoded 
in w{t) = Yl=oWkt^. 


no 

1 

w{t) 

±6 

2 • 5 

l+t5y^l0y^l5ypy^25 

±5 

2 • 6 

-1+t + t^-t^ + f + t^^- + tl3 + ^17 _ ^18 y ^19 y ^23 _ ^2A y ^25 y ^29 

±4 

2 • 15 

+ +f + + t22 y ^28 

±3 

2 • 10 

-1 + t + _ t4 y ^7 _ ^10 y ^11 y ^13 _ ^14 y ^17 _ ^20 y ^21 y ^23 _ ^24 y ^27 

±3 

2 • 10 

1 - t + t^ - t^ +t‘^+ - _ ^13 y ^14 y ^20 _ ^21 y ^22 _ ^23 y ^24 

±2 

2 • 15 

_1 + t + ^2 _ ^3 y ^7 _ ^9 y ^11 _ ^15 y ^16 y ^17 _ ^18 y ^22 _ ^24 y ^26 

±2 

2 • 15 

1 - t + t^ - t^+ t^ - t^ + t^ - - t22 y f23 

±1 

2 • 30 

2 _ t + t6 _ ^7 y ^10 _ ^11 y ^12 _ ^13 y ^15 _ ^17 y ^18 _ ^19 y ^20 _ ^23 y ^24 _ ^29 

0 

2 • 5 

_1 + ^4 _ ^5 y ^9 _ ^10 y ^14 _ ^15 y ^19 _ ^20 y ^24 _ ^23 y ^29 

0 

2 • 5 

1 _ ^2 y ^5 _ ^7 y ^10 _ ^12 y ^15 _ ^17 y ^20 _ ^22 y ^25 _ ^2^ 

0 

2 • 3 

1-t + t^-t^ + t^-f + t^-t^^ + e^- tl3 + tl5 _ tl6 y ^18 _ ^19 y ^21 
_t22 y ^24 _ ^25 y ^26 _ ^28 

0 

2 

Ef=oi-m^ 


F.2 LMO side: Newton polygon 

The boundary (and coefficients therein) of the Newton polygon of the full curve Y) is the 

same as the one of the polynomial computed in terms of the minimal orbit data: 

240 

C n (^ - ^ c = (F.l) 

i=l 

where the constant C is fixed so that the monomial appears with coefficient 1. The result is; 

V^^^{X,Y) = -c-^^^{l + X^^)Y^^^{Y + Y+ lf{Y^+ Y^ YY"^+ Y+ 1) 

+c2i0(x + X^'^){Y'^^ + • • • + Y^^*) + + ... + yi79) 

Xl5j('y46 + . . . + yl94) _ 2cl20(x4 Xl4)(y36 + . . . + y204) 

+C^^{X^ + Xl3)(y26 + . . . + y214) _ c60(y7 y yll)(yll + . . . + y229) 

+c30(X8 + Xl0)(y5 + • • • + y235) + X^{1 + y240) ^ 
where the • • • lie in the interior of the polygon. 


60 




References 

[AENV14] M. Aganagic, T. Ekholm, L. Ng, and C. Vafa, Topological strings, D-model, and knot 
contact homology, Adv. Theor. Math. Phys. 18 (2014), 827-956, hep-th/1304.5778. 

[AKMV04] M. Aganagic, A. Klemm, M. Marino, and C. Vafa, Matrix model as a mirror of Chern- 
Simons theory, JHEP 0402 (2004), 010, hep-th/0211098. 

[AMMM14] A. Alexandrov, A. Mironov, A. Morozov, and An. Morozov, Towards matrix model 
representation of HOMELY polynomials, JETP Lett. 100 (2014), no. 4, 271-278, hep- 
th/1407.3754. 

[AVOO] M. Aganagic and C. Vafa, Mirror symmetry, D-branes and counting holomorphic discs, 
hep-th/0012041. 

[BCll] A. Brini and R. Cavalieri, Open orbifold Gromov-Witten invariants of [C^/Zji].- lo¬ 
calization and mirror symmetry, Selecta Math. (N.S.) 17 (2011), no. 4, 879-933, 
math.AG/1007.0934. 

[BCR13] A. Brini, R. Cavalieri, and D. Ross, Crepant resolutions and open strings, 
math.AG/1309.4438. 

[BE14] G. Borot and B. Eynard, Spectral curves, root systems, and application to SU(V) 
Chern-Simons theory on Seifert spaces, math-ph/1407.4500. 

[Beal3] C. Beasley, Localization for Wilson Loops in Chern-Simons Theory, Adv. Theor. Math. 
Phys. 17 (2013), 1-240, hep-th/0911.2687. 

[BEM12] A. Brini, B. Eynard, and M. Marino, Torus knots and mirror symmetry, Annales Henri 
Poincare 13 (2012), no. 8, 1873-1910, hep-th/1105.2012. 

[BE015] G. Borot, B. Eynard, and N. Orantin, Abstract loop equations, topological recursion, 
and applications, Commun. Number Theory and Physics (2015), math-ph/1303.5808. 

[BEM04] V. Bouchard, B. Plorea, and M. Marino, Counting higher genus curves with crosscaps 
in Calabi-Yau orientifolds, JHEP 0412 (2004), 035, hep-th/0405083. 

[BEM05] _, Topological open string amplitudes on orientifolds, JHEP 0502 (2005), 002, 

hep-th/0411227. 

[BG08] J. Bryan and A. Gholampour, Root systems and the quantum cohomology of ADE 
resolutions, Algebra Number Theory 2 (2008), no. 4, 369-390. 

[BG09] J. Bryan and T. Graber, The crepant resolution conjecture, Proc. Sympos. Pure Math. 
80 (2009), 23-42. 

[BGK15] G. Borot, A. Guionnet, and K. Kozlowski, Large-N asymptotic expansion for mean field 
models with Coulomb gas interaction, Int. Math. Res. Not. (2015), math-ph/1312.6664. 


61 



[BGSTIO] A. Brini, L. Griguolo, D. Seminara, and A. Tanzini, Chern-Simons theory on L{p, q) 
lens spaces and Gopakumar-Vafa duality, J. Geom. Phys 60 (2010), no. 3, 417-429, 
math.MP/0809.1610. 

[BIS'*“97] A. Brandhuber, N. Itzhaki, J. Sonnenschein, S. Theisen, and S. Yankielowicz, On the 
M-theory approach to (compactified) 5d theories, hep-th/9709010. 

[BKMP09] V. Bouchard, A. Klemm, M. Marino, and S. Pasquetti, Remodeling the B-model, Com- 
mun. Math. Phys. 287 (2009), 117-178, hep-th/0709.1453. 

[BN06] D. Bar-Natan, Finite type invariants. Encyclopedia of Mathematical Physics 
(G.L. Naber J.-P. Frangoise and S.T. Tsou, eds.), vol. 2, Oxford, 2006, 
math.GT/0408182, p. 340. 

[BNL04] D. Bar-Natan and R. Lawrence, A rational surgery formula for the LMO invariant, 
Israel J. Math. 140 (2004), 29-60, math.GT/0007045. 

[Borl4] G. Borot, Formal multidimensional integrals, stuffed maps, and topological recursion, 
Annales Institut Poincare - D 1 (2014), no. 2, 225-264, math-ph/1307.4957. 

[Bril2] A. Brini, Open topological strings and integrable hierarchies: Remodeling the A-model, 
Gommun.Math.Phys. 312 (2012), 735-780, 1102.0281. 

[Bril5] A. Brini, Mirror symmetry and the higher genus crepant resolution conjecture for sim¬ 
ple singularities, work in progress (2015). 

[BT06] M. Blau and G. Thompson, Chern-Simons theory on -bundles: abelianisation and 
q-deformed Yang-Mills theory, JHEP 0605 (2006), no. 003, hep-th/0601068. 

[BT13] _, Chern-Simons theory on Seifert manifolds, JHEP 33 (2013), hep- 

th/1306.3381. 

[BW05] G. Beasley and E. Witten, Non-abelian localization for Chern-Simons theory, J. Diff. 
Geom. 70 (2005), 183-323, hep-th/0503126. 

[DBOSS14] P. Dunin-Barkowski, N. Orantin, S. Shadrin, and L. Spitz, Identification of the Givental 
formula with the spectral curve topological recursion procedure, Gommun. Math. Phys. 
328 (2014), 669-700, math-ph/1211.4021. 

[DFM03] D-E. Diaconescu, B. Florea, and A. Misra, Orientifolds, unoriented instantons and 
localization, JHEP 0307 (2003), 041, hep-th/0305021. 

[DGG14] T. Dimofte, D. Gaiotto, and S. Gukov, Gauge theories labelled by three-manifolds, 
Gommun. Math. Phys. 325 (2014), no. 2, 367-419, hep-th/1108.4389. 

[DSV13] D.E. Diaconescu, V. Shende, and C. Vafa, Large N duality, lagrangian cycles, and 
algebraic knots, Gommun. Math. Phys. 319 (2013), 813-863, hep-th/1111.6533. 

[DT98] S. K. Donaldson and R. P. Thomas, Gauge theory in higher dimensions. The geometric 
universe (Oxford, 1996), Oxford Univ. Press, Oxford, 1998, pp. 31-47. 


62 



[ELG15] 

[EO07] 

[E015] 

[EWYOl] 

[FM97] 

[FM14] 

[FP03] 

[GNY09] 

[GOES 14] 

[GP99] 

[GPOO] 

[GP15] 

[GV99] 

[HanOl] 

[HIVOO] 

[HRTOl] 


P. Etingof, I. Losev, and E. Gorsky, Representations of rational Cherednik al¬ 
gebras with minimal support and torus knots, Adv. Math. 277 (2015), 124-180, 
math.RT/1304.3412. 

B. Eynard and N. Orantin, Invariants of algebraic curves and topological expansion, 
Gommun. Number Theory and Physics 1 (2007), no. 2, math-ph/0702045. 

_, Computation of open Gromov-Witten invariants for toric Calabi-Yau 3-folds 

by topological recursion, a proof of the BKMP conjecture, Gommun. Math. Phys. 337 
(2015), no. 2, 483-567, math-ph/1205.1103. 

T. Eguchi, N.P. Warner, and S.-K. Yang, ADE singularities and coset models, Nucl. 
Phys. B 607 (2001), 3-37, hep-th/0105194. 

V. Fock and A. Marshakov, A note on quantum groups and relativistic Toda theory, 
Nucl. Phys. Proc. Suppl. B 56 (1997), 208-214. 

V.V. Fock and A. Marshakov, Loop groups, clusters, dimers and integrahle systems, 
math. AG/1401.1606. 

G. Faber and R. Pandharipande, Hodge integrals, partition matrices, and the Xg con¬ 
jecture, Ann. of Math. (2) 157 (2003), no. 1, 97-124, math.AG/9810173. 

L. Gottsche, H. Nakajima, and K. Yoshioka, K-theoretic Donaldson invariants via 
instanton counting. Pure Appl. Math. Quart. 5 (2009), 1029-1111, math/0611945. 

E. Gorsky, A. Oblomkov, J. Rasmussen, and V. Shende, Torus knots and the rational 
DAHA, Duke Math. J. 163 (2014), no. 14, 2709-2794, math.RT/1207.4523. 

T. Graber and R. Pandharipande, Localization of virtual classes, Invent. Math. 135 
(1999), no. 2, 487-518. 

M. Geek and G. Pfeiffer, Characters of finite Coxeter groups and Iwahori-Hecke alge¬ 
bras, London Mathematical Society Monographs, no. 21, Oxford Science Publications, 
2000 . 

S. Gukov and D. Pei, Equivariant Verlinde formula from fivebranes and vortices, hep- 
th/1501.01310. 

R. Gopakumar and C. Vafa, On the gauge theory/geometry correspondence, Adv. 
Theor. Math. Phys. 3 (1999), 1415-1443, hep-th/9811131. 

S. K. Hansen, Reshetikhin-Turaev invariants of Seifert 3-manifolds and a rational 
surgery formula, Algebr. Geom. Topol. 1 (2001), 627-686, math.GT/0111057. 

K. Hori, A. Iqbal, and G. Vafa, D-branes and mirror symmetry, hep-th/0005247. 

R.B. Howlett, L.J. Rylands, and D.E. Taylor, Matrix generators for exceptional groups 
of Lie type, J. Symbolic Comput. 31 (2001), no. 4, 429-445. 


63 



[HY09] 

[JKS14] 

[Kil] 

[KKL+96] 

[KKV97] 

[KL02] 

[KLM+96] 

[KM15] 

[Kon94] 

[KS97] 

[KWYIO] 

[LM098] 

[LMVOO] 

[LN98] 

[LR99] 

[LW98] 


N. Halmagyi and V. Yasnov, The spectral curve of the lens space matrix model, JHEP 
0911 (2009), 104, hep-th/0311117. 

H. Jockers, A. Klemm, and M. Soroush, Torus knots and the topological vertex, Lett. 
Math. Phys. 104 (2014), 953-989. 

J. Kallen, Cohomological localization of Chern-Simons theory, JHEP (2011), no. 8, 
1-32, hep-th/1104.5353v2. 

S. Kachru, A. Klemm, W. Lerche, P. Mayr, and C. Vafa, Nonperturbative results on 
the point particle limit of N=2 heterotic string compactifications, Nucl. Phys. B 459 
(1996), 537-558, hep-th/9508155. 

S.H. Katz, A. Klemm, and C. Vafa, Geometric engineering of quantum field theories, 
Nucl. Phys. B 497 (1997), 173-195, hep-th/9609239. 

S. H. Katz and C.-C.M. Liu, Enumerative geometry of stable maps with Lagrangian 
boundary conditions and multiple covers of the disc, Geom. Topol. Monogr. 8 (2002), 
1-47, math.AG/0103074. 

A. Klemm, W. Lerche, P. Mayr, G. Vafa, and N.P. Warner, Selfdual strings and N=2 
supersymmetric field theory, Nucl. Phys. B 477 (1996), 746-766, hep-th/9604034. 

O. Kruglinskaya and A. Marshakov, On Lie groups and Toda lattices, J. Phys. A 48 
(2015), no. 12, 125201, hep-th/1404.6507. 

M. Kontsevich, Enumeration of rational curves via torus actions, Progress in Mathe¬ 
matics, vol. 129, pp. 335-368, Birkhauser, Boston, 1994, hep-th/9405035. 

Y. Kosmann-Schwarzbach, Lie bialgebras, Poisson Lie groups and dressing transforma¬ 
tions, Integrability of nonlinear systems (Pondicherry, 1996), Lecture Notes in Phys., 
vol. 495, Springer, Berlin, 1997, pp. 104-170. 

A. Kapustin, B. Willett, and 1. Yaakov, Exact results for Wilson loops in superconfor- 
mal Chern-Simons theories with matter, JHEP (2010), no. 1003:089, hep-th/0909.4559. 

T. Q.T. Le, J. Murakami, and T. Ohtsuki, On a universal perturbative invariant of 
2>-manifolds, Topology 37 (1998), no. 3, 539-574, q-alg/9512002. 

J.M.E. Labastida, M. Marino, and C. Vafa, Knots, links and branes at large N, JHEP 
0011 (2000), 007, hep-th/0010102. 

A.E. Lawrence and N. Nekrasov, Instanton sums and five-dimensional gauge theories, 
Nucl. Phys. B513 (1998), 239-265, hep-th/9706025. 

R. Lawrence and L. Rozansky, Witten-Reshetikhin-Turaev invariants of Seifert mani¬ 
folds, Commun. Math. Phys. 205 (1999), 287-314. 

W. Lerche and N.P. Warner, Exceptional SW geometry from ALE fibrations, Phys. 
Lett. B 423 (1998), 79-86, hep-th/9608183. 


64 



[Mar04] 


M. Marino, Chern-Simons theory, matrix integrals, and perturbative three-manifold 
invariants, Commun. Math. Phys. 253 (2004), 25-49, hep-th/0207096. 


[Mar05] _, Chern-Simons theory and topological strings, Rev. Mod. Phys. 77 (2005), 

675-720, hep-th/0406005. 

[Maris] A. Marshakov, Lie groups, cluster variables and integrable systems, J. Geom. Phys. 67 
(2013), 16-36, hep-th/1207.1869. 

[McK80] J. McKay, Graphs, singularities and finite groups, Proc. Symp. Pure Math. AMS 37 
(1980), 183-186. 

[Mil57] J. Milnor, Groups which act on S” without fixed points, Amer. J. Math. 79 (1957), 
623-630. 

[MMM'''15] A. Mironov, A. Morozov, An. Morozov, P. Ramadevi, and V. K. Singh, Colored HOM¬ 
ELY polynomials of knots presented as double fat diagrams, hep-th/1504.00371. 

[MOOP08] D. Maulik, A. Oblomkov, A. Okounkov, and R. Pandharipande, Gromov- 
Witten/Donalds on-Thomas correspondence for toric 3-folds, Inventiones Mathemat- 
icae (2008), 1-45, math.AG/0809.3976. 

[MW96] E.J. Martinec and N.P. Warner, Integrable systems and supersymmetric gauge theory, 
Nucl. Phys. B 459 (1996), 97-112, hep-th/9509161. 

[Nek98] N. Nekrasov, Five dimensional gauge theories and relativistic integrable systems, Nucl. 
Phys. B 531 (1998), 323-344, hep-th/9609219. 

[Orl72] P. Orlik, Seifert manifolds. Lecture Notes in Mathematics, vol. 291, Springer, Berlin, 
1972. 

[OVOO] H. Ooguri and C. Vafa, Knot invariants and topological strings, Nucl. Phys. B577 
(2000), 419-438, hep-th/9912123. 

[Rei] M. Reid, The Du Val singularities An, Dn, Eq, Ej, Eq, 

http: //homepages .Warwick, ac .uk/^'inasda/surf/more/DuVal .pdf. 

[RT90] N.Yu. Reshetikhin and V.G. Turaev, Ribbon graphs and their invariants derived from 
quantum groups, Commun. Math. Phys. 127 (1990), 1-26. 

[RT91] _, Invariants of three manifolds via link polynomials and quantum groups, Invent. 

Math. 103 (1991), 547-597. 

[Rui90] S.N.M. Ruijsenaars, Relativistic Toda systems, Commun. Math. Phys. 133 (1990), 
no. 2, 217-247. 

[SeiSO] H. Seifert, Topology of 3-dimensional fibered spaces. Academic Press, 1980. 

[SVOO] S. Sinha and C. Vafa, SO and Sp Chern-Simons at large N, hep-th/0012136. 


65 



[tH74] G. ’t Hooft, A planar diagram theory for strong interactions, Nucl. Phys. B 72 (1974), 
461-473. 

[TZ08] S. Tomoda and P. Zvengrowski, Remarks on the cohomology of finite fundamental 
groups of 3-manifolds, Geometry and Topology Monographs 14 (2008), 519-556. 

[Wal92] K. Walker, An extension of Casson’s invariant, vol. 126, Princeton University Press, 
Princeton, NJ, 1992. 

[Wills] H. Williams, Double Bruhat eells in Kae-Moody groups and integrable systems, Lett. 
Math. Phys. 103 (2013), 389-419, math.QA/1204.0601. 

[Wit89] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 
121 (1989), 351. 

[Wit95] E. Witten, Chern-Simons gauge theory as a string theory, Prog. Math. 133 (1995), 
637-678, hep-th/9207094. 

[Zas93] E. Zaslow, Topological orbifold models and quantum cohomology rings, Gommun. Math. 
Phys. 156 (1993), 301-332, hep-th/9211119. 

[Zimll] B.P. Zimmermann, On finite groups acting on spheres and finite subgroups of orthog¬ 
onal groups, math.GT/1108.2602. 


66 



